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ABSTRACT 


The purpose of the study was to develop an instrument 
for categorizing intuitive thinking and for rank-ordering 
teachers as to the extent to which they make use of an 
intuitive approach in teaching mathematics. Particular 
attention was given to establishing a basis in learning 
theory for the role of intuition and in giving a definition 
of intuitive thinking in terms of observable behavior. 

A theoretical analysis discusses the complementary 
nature of analytical and intuitive thinking as expounded 
by Bruner, Evans, Dienes, Polya and others. The analysis 
resulted in ten "elements of intuitive thinking:" symmetry, 
analogy, similarity, generalization, experimentation, 
manipulation, skipping steps, preverbalization, solution 
visualization, and informal proof. Intuitive thinking was 
defined to be thinking which makes use of the above elements. 

Dienes' theory of mathematics learning was used to 
explain the function of intuitive thinking. The point of 
view presented is that intuitive thinking can give the 
learner mathematical imagery, the lack of which is considered 
to be an important contributing factor to difficulties in 
understanding mathematics. 

The review of related research included several pro- 
jects on instrument development. From these earlier studies, 


@ procedure for instrument development was formulated which 
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then served as the basic design for the present study. 
several studies on intuition were also reviewed. These 
illustrated that the concept has and can be studied quanti- 
tatively. 

For developing the instrument, transcribed classroom 
lessons were used. The transcriptions were first broken 
down into units and then each unit was classified as being 
one of the ten elements of intuitive thinking or as being 
non-intuitive. 

The instrument was then used to analyze several 
lessons. Both in this analysis and in the development of 
the instrument there was a general scarcity of intuitive 
thinking, while "preverbalization" was completely absent and 
"Skipping steps" was used only once. 

Since this is an exploratory study dealing with a 
Subject seldom studied empirically, several significant 
implications for future research are given. A conclusion 
of the study was that the instrument needs to be further 
evaluated by using it in whole or part to determine its 
usefulness as a means of providing teacher feedback or as a 


means for doing research. 
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CHAPTER I 
THE NATURE OF THE PROBLEM 
I. INTRODUCTION 


In the last one and a half decades, much research has 
centered on developing suitable mathematics curricula for 
Schools. We seem to be much closer to this goal than we 
are to the goal of providing adequate instruction in these 
courses. It is clear that the "curriculum planned" and the 
"Curriculum had" are not the same thing. It is the method 
of instruction employed by the teacher and the student's 
response to the method employed that ultimately determines 
the "curriculum had" for each individual student. This 
Study is concerned with methods of instruction and, in 


particular, with the intuitive approach. 
II. THE NEED FOR THE STUDY 


The motivation for this study stems from Bruner's 
plea: 


Unfortunately, the formalism of school learning has 
somehow devalued intuition. It is the very strong con- 
viction of men who have been designing curricula, in 
mathematics and science particularily, that much work is 
needed to discover how we may develop the intuitive 
gifts of our students from the earliest grades onward. 


1 
Bruner, Jerome S., The Process of Education (New 
York: Vintage Books, 1960), pp. 59-60. 
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We might first of all ask for the empirical evidence that 
intuition is devalued. An attempt to answer this question 
ootad be made if one had an instrument to analyze classroom 
discourse one of whose dimensions would give a measure along 
the intuitive-analytic continuum. Then we might be able to 
question the value of the intuitive approach. Some kind of 
instrument which would rate teachers' instructional modes as 
being more intuitive or less intuitive could be useful in 
correlating the teacher's approaches with stated student 
outcomes. Is the development of intuitive thinking in 
students more likely if their teachers think intuitively? 

An instrument which would give a measure of the extent to 
which teachers vary in using the intuitive approach would go 


2 


a long way to answering the question. In Bruner's words: 


It is certainly clear that procedures or instruments 
are needed to characterize and measure intuitive think- 


ing, and that the fave eaenant of such instruments should 
be pursued vigorously. 


III. THE PURPOSE OF THE STUDY 


The purpose of this study is to develop an instrument 
for categorizing intuitive thinking and for rank-ordering 
classroom sessions on the basis of the extent to which they 


make use of intuitive thinking in a mathematics teaching- 


2The other part needed, of course, is an instrument 
to measure the extent to which students think intuitively. 


3Bruner, The Process of Education, p. 61. 
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learning situation. <A secondary purpose is to illustrate 
the use of the instrument so constructed. 
The study thus attempts to give a partial answer to 
Bruner's question: 
We may ask if we can learn to agree in classifying 
a person's style or preferred mode of working as charac- 
teristically more qnalytic or inductive on the one hand, 
Or more intuitive? 
The answer to Bruner's question attempted in this study is 
incomplete in at least two ways. In the first place, this 
Study considers only audible verbal discourse in the class- 
room, and thereby attempts to classify the "classroom's" 
characteristic mode of thinking. This is, of course, 
largely determined by the teacher. In the second place, 


the study focuses only on characteristics of intuitive 


thinking. 
IV. DELIMITATIONS 


The instrument devised is not intended to give an 
absolute measure of the "amount" of intuitive thinking 
engaged in by members of the classroom. The purpose of the 
instrument is only to point out variations in the extent 
to which use is made of intuitive thinking. 

The extent to which the instrument measures intuitive 
thinking is directly dependent on the definition, in terms 


of observable behaviour which is the starting point. Hence 
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the usefulness of the instrument for investigating intuitive 
processes will be limited by the extent to which the user 
agress with the definition of intuitive thinking as set 
forth in this study. 

Another limitation has to do with the very nature of 
intuitive thinking. One of the characteristics of intuitive 
thinking is the inability, oftentimes, of the intuiter to 
verbalize his approach to a solution. Indeed, forcing him 
to verbalize may force him to think analytically. By limit- 
ing the instrument to analyzing verbal discourse we are, in 
fact, forced to limit the breadth of our definition of in- 


tuitive thinking. 
V. SIGNIFICANCE OF THE STUDY 


The study is significant in that it explores the 
much neglected, yet potentially productive field of the 
intuitive approach to learning. Such a study can hopefully 
provide significant guidance and stimulus to further re- 
search in this area. 

More specifically, an acceptable instrument of the 
type developed here would be useful in determining the re- 
lationship between intuitive mathematical learning and stu- 
dent outcomes, and in establishing the extent to which 
teachers make use of an intuitive approach in the teaching 
of mathematics. 

Thus, success in this project could open the doors 


to an extensive field of much needed research in mathematics 
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teaching ménodology . 
VI. DEFINITION OF TERMS 


Classroom - refers to the pupils and teacher audibly 
participating in a teaching-learning situation. 

The Instrument - is the device being developed in 
this study for the purpose of rank-ordering classrooms on 
the basis of the extent to which they make use of intuitive 
thinking during a mathematics teaching-learning situation. 

Verbal Discourse - refers to the total audible verbal 
exchange among all members of a classroom during a normal 
school timetable period. 

Unit of Verbal Discourse - is any subdivision of a 
verbal discourse, developed for the purpose of analyzing 
the verbal discourse. 

Category - is an item on the instrument into which 
the various units of verbal discourse will be classified. 

Unit Classification Criteria - are the criteria used 
for putting individual units of verbal discourse into par- 
ticular categories. 

Utterance - is the complete verbal expression of one 
individual before another takes over. 

Elements of Intuitive Thinking - are the observable 
events which are taken to be manifestations of intuitive 


thinking. 
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CHAPTER II 
THE THEORETICAL FRAMEWORK 
I. INTRODUCTION 


In mathematics, both analytic and intuitive thinking 

play important roles. Polya recognized these roles: 

Yes, mathematics has two faces; it is the rigorous 
science of Euclid but it is also something else. Math- 
ematics presented in the Euclidean way appears as a 
Systematic, deductive science; but mathematics in the 
making appears as an experimental, inductive science. 
Both aspects are as old as the science of mathematics 
itself.1 

But words like analytic thinking and intuitive thinking are 
often used with different shades of meanings by different 
people. The purpose of this chapter is to examine the usage 
of these words in order to arrive at a behavioral definition 
of intuitive thinking which will be useful as a basis for 
constructing an instrument to measure variations in the ex- 


tent to which use is made of intuitive thinking during a 


mathematics teaching-learning situation. 
II. ANALYTIC THINKING 


The creative process has often been described as oc- 


curring in four stages--preparation, incubation, illumination, 
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7 
and verification.* Evans suggests that "in the verification 
stage, the analytic process is employed to verify or reject 
the proposed solution or discovery." 

Bruner has described the analytic process as follows: 
Analytic thinking characteristically proceeds a step 
at a time. Steps are explicit and usually can be ade- 
quately reported by the thinker to another individual. 
Such thinking proceeds with relatively full awareness 
of the information and operations involved. It may 
involve careful and deductive reasoning, often using 
mathematics or logic and an explicit plan of attack. 
Or it may involve a step-by-step process of induction 
and experiment, suceeded © principles of research design 
and statistical analysis. 
Evans points out, however, that as used in a mathematical 
sense, the first of these two alternatives is the only ac- 
ceptable one of verifying or rejecting a proposed solution 
or discovery .2 
Polya characterizes analytic thinking as being safe, 
final, having rigid standards, being coded and clarified 
logic. It is, he says, "incapable of yielding essentially 


new knowledge about the world around us." 


2Evans, E.W., "Measuring the Ability of Students to 
Respond in Creative Mathematical Situations at the Late 
Elementary and Junior High School Level" (unpublished doctor- 
al dissertation, The University of Michigan, 1964), p. 3. 


3Ibid. 


4Bruner, Jerome S., The Process of Education (New 
York: Vintage Books, 1960), p. 57. 


SEvans, op,cit., p. 21. 


6polya, G., Mathematics and Plausible Reasonin 
Princeton, N.J.: Princeton University Press, 1954), I, p.v. 
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8 
Analytic thinking does, of course, have a useful and 
important function. This function will be explained follow- 


ing our consideration of the intuitive process. 
Ill. INTUITIVE THINKING 


Referring to the four stages of the creative process 
named previously, Evans says that "intuition assumes the 
major role in the formulation of ideas and presentation of 
combinations (during the incubation stage) which eventually 
lead to the illumination stage."? After considering several 
definitions offered for intuitive thinking, our discussion 
will turn to the role of intuition referred to by Evans-- 
its role in mathematical creativity and its role in increas- 
ing learning efficiency. Our attention will then be directed 
to what will be referred to here as "the elements of intui- 


tive thinking." 


Definitions. Bruner, who has a very high regard for 
the intuitive process, defines intuition as follows: 


For a working definition of intuition, we do well to 
begin with Webster: "immediate apprehension or cogni- 
tion." Immediate in this context is contrasted with 
tmeditated"--apprehension or cognition that depends on 
the intervention of formal methods of analysis and 
proof. Intuition implies the act of grasping the mean- 
ing, Significance, or structure of a problem without 
explicst reliance on the analytic apparatus of one's 
craft. 


(Bvand,. op. cit., p. 20. 


8Bruner, The Process of Education, p. 60. 
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9 
He goes on to say that by using intuitive thinking, hypothe- 
Ses are developed more quickly and long before their worth 
is known. It does not advance in well-defined steps and 
tends to involve maneuvers based on implicit perceptions of 
the problem. The intuiter is not aware of the process by 
which he reached a solution, nor is he aware of just what 
aspects of the problem he responded to.? 

Ausubel, who assigns a more limited role to intuitive 
thinking, defines it in terms which are similar to those of 
Bruner 's: 

Intuitive cognitive functioning refers to an implicit, 
relatively unprecise and informal type of understanding 
or thought process in which the individual is only 
vaguely aware of the parameters of a problem or its 
solution and of the logical operations involved. 

He characterizes the process with the following phrases: 
nonanalytic, unsystematic, relying on immediate apprehension, 
and defying explicit formulation of processes. He categor- 
izes the intuitive process into four categories: develop- 


mental, unsophisticated, sophisticated and creative.11 


Westcott has attempted empirical studies of intuition.1¢ 
He says that the defining characteristic of the intuitive 


process "seems to be that an individual reaches his conclusion, 


9Ipid. 


10ausubel, D.P., The Psychology of Meaningful Verbal 
Learning (New York: Grune and Stratton, Tho} tome oe 


11tpia. 


12These are reviewed in Chapter IV. 
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solution, or whatever, without being aware of how he reached 
it. i3 On the question of whether the correctness or incor- 
rectness of the solution or the discovery defines an intui- 
tive situation, Westcott feels it is not essential to dif- 
ferentiate. 14 

Sarbin, Taft and Baily have quoted Wild's definition 

of intuition from his classical work on intuition: 

An intuition is an immediate awareness by a subject 
of some particular entity without such aid from the 
senses or from reason as would account for that aware- 
ness. 

They state that there are four referents of intuition: (1) 
the achievement of an object or event (a cognition or knowing) 
(2) through a method which is inexplicable and unanalyzable 

(a mysterious process) (3) which carries the conviction of 
truth (certainty, complete credibility) and (4) which occurs 
without intervention of previously acquired cognitions 
(immediacy) .1® 

Lovell puts the definition in a mathematical setting, 

though the process is similar to those defined above: 


By mathematical intuition is meant the insight one 


13westcott, M.R., "Empirical Studies of Intuition," 
Widening Horizons of Creativity, C.W. Taylor, editor (New 
York: Wiley, 1964) , D.0#35- 

mm 

IWTbid., p. 36. 

15sarbin, T.R., R. Taft and D.E. Bailey, Clinical 
Inference and Cognitive Theory (New York: Holt, Rinehart 
and Winston, 1960), De 182. 


16Tbid. 
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gains, without the intervention of conscious reasoning, 

into numerical, algebraic, geometric and other mathemat- 

ical phenomena. 
Getzels defines intuitive thinking as "thought not yet freed 
from perception. "18 Evans says that"intuitive thinking is the 
thought processes by which one gains insight in a learning 
situation, without the intervention of conscious deductive 
reasoning. "19 

In summary, all of the definitions either directly 

refer to, or imply the following defining characteristics 
of intuitive thinking: 


1. A concept has been established or a solution has 
been found which is satisfying to the intuiter. 


2. The logical steps leading to the result are unknown. 


3. The result is immediate. 


Mathematical Creativity. Brune,“° wHohn,*! Kemeny, 22 


London Press, 1962), p. 29. 


18getzels, JoW., "Creative Thinking, Problem-solving 
and Instruction," Theories of Learning and Instruction, 
Sixty-third Yearbook of the National Society for the Study 
of Education (Chicago: NSSE , 1964), pp. 240-268. 


1°Rvans, op. Cit., p. 20. 


20Brune, I.H., "Geometry in the Grades," The Arithme- 
ic Teacher, VIII (May, 1961), p. 211. 


2lHohn, F.E., "Teaching Creativity in Mathematics," 
The Arithmetic Teacher, VIII (March, 1961), p. 103. 


22Kemeny, J.G., "Rigor vs. Intuition in Mathematics," 
The Mathematics Teacher, LIV (February, 1961), p. 71. 
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lie 
and Lankford*? claim that at least one of the common goals 
of all teachers of mathematics should be to develop in stu- 
dents their abilities to create new ideas. Hildebrandt 
stated that the real test of an individual's worth is not 
merely his mathematical knowledge, but how well he can sug- 
gest or discover methods of solution when confronted with a 
problem situation. He says that "all students should re- 
peatedly and continuously be held to discover or invent math- 


n24 Polya too re- 


ematical concepts and ideas for themselves. 
cognized this aspect of mathematics teaching: 

The teaching of mathematics should acquaint the 

students with all aspects of mathematical activity as 
far as possible. Especially, it should give Spor end Sy 
to the students for independent creative work. 

Evans suggests that teachers have an important part to 
play in the development of the creative mathematical abili- 
ties of their students. "Thus it appears that, if they are 
provided with experiences appropriate to their mathematical 


preparation, students at all grades are able to discover 


23Lankf ord, F.G. JR., "Implications of the Psychology 
of Learning for the Teaching of Mathematics," The Growth of 
Mathematical Ideas, K-12, Twenty-fourth Yearbook o of the 
National Council of Teachers of Mathematics (Washington, D.C.: 
National Council of Teachers of Mathematics, 1959), p. hos. 


24yildebrandt, H.H.C., "Mathematical Modes of Thought," 
The Growth of Mathematical Ideas, K-12, Twenty-fourth Year- 


(Washington, D.C.: National Council of Teachers of Mathema- 
tics, 1959), p. 371. 


25Polya, G., Mathematical Discovery (New York: Wiley, 
1965), II, p. 143. 
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13 
mathematical ideas, "26 He further states that intuitive 
thinking ability is an essential ingredient of mathematical 
creativity.<? He is supported in this view by Nidditch who 
thinks that almost all mathematicians would agree that intu- 
ition, whatever it is, may well be the source of new mathe- 
matics.2°® Popper quotes Einstein's response to the question 
of whether he felt there were highly universal laws from 
which a picture of the world can be obtained by pure deduc- 
tion: 


There is no. logical path leading to these... 
laws. They can only be reached by intuition. 2? 


Polya too thinks that a student needs to learn to use 
intuitive thinking since it is on this kind of thinking that 
his creative work will depend.3° 

Thus we see that the phrase "intuitive thinking" is 
used extensively in connection with mathematical creativity. 
In this context, intuitive thinking requires the ability to 
produce combinations of ideas already possessed by the 


learner--not just any combination, but those which have a 


26evans, op. cit., pp. 199, 201. 
£7Ibid., p. 40. 


28nidditch, P.H., Elementary Logic of Science and 
Mathematics (Glencoe, Ill.;: The Free Press of Glencoe, 


1960), pp. 302-303. 


29Popper, K.R., The Logic of Scientific Discovery 
(New York: Basic Books, inc., 1959), pp. 31-32. 


30Polya, Mathematics and Plausible Reasoning, I, p. vi. 
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14 
mathematically useful potential and are, therefore, satis- 
fying. This would suggest extensive familiarity with the 
basic ideas and with the structure of mathematics so that 
those combinations which are meaningful and interesting can 


be recognized. 


Learning Efficiency. Every teacher strives to use 
instructional procedures which result in learning. More- 
Over, we are concerned about achieving this goal with the 
greatest efficiency possible--not only in the immediate 
future, but for a life-time. We are not only concerned with 
the time element, but also with the quality of learning. 
Rote-learning is certainly not efficient nor sufficient. 
Only complete understanding of mathematical concepts is ac- 
ceptable. Many writers believe that intuitive thinking can 
greatly increase learning efficiency. 

After describing Inhelder's "pre-curriculum" devoted 
to developing intuitive understanding in children for the 
first two or three years of formal schooling, Bruner quotes 
her as saying: 

The effect of such an approach would .. . be to put 

more continuity into science and mathematics and also 
to give the child a much better and firmer comprehension 
of the concepts which, unless he has this early founda- 


tion, he will mouth later without being able to use them 
in any effective way. 


Bruner goes on to state that many of the most highly regard- 


ed teachers in mathematics and science strive to develop 


31Bruner, The Process of Education, p. 46. 
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effectiveness in intuitive thinking. Curriculum improvements 
direct at least some of their efforts to the development of 
procedures that will contribute to the improvement of intui- 
tive thinking.32 

Willoughby points out that top-notch mathematicians 
find formalism without a good intuitive understanding of the 
basic concepts underlying the formalism inadequate. 

In a similar way, no school pupil can be expected to 
understand and appreciate good mathematics unless 
adequate informal background is laid for formally expres- 
sed thoughts . . . Indeed, the teacher should never allow 
formalism to take the place of well-developed intuitive 
understandings. 

Ausube134 and Lovell?° state that intuitive thinking 
is particularly appropriate, and even necessary, in the early 
stages of the development of a concept. First impressions 
are lasting, and if these are merely mouthed phrases about a 
concept with no mental picture of it, the student is often 
satisfied that he "knows" the concept. Dienes too attributes 
Successful learning to the development of a "construtive" 
(intuitive)process. This will be described more fully in 
Chapter III. 

Intuitive thinking as used in the context of learning 


32Ipid., pp. 56, 57. 


33Willoughby, S.S., Contemporary Teaching of Second- 
ary School Mathematics (New York: John Wiley and Son, Inc., 


1957), P: 225. 
34ausubel, op.cit., p. 119. 


35Lovell, op. cit., p. 29. 
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efficiency implies a thought process which is able to give 
mental images of concepts quickly and effectively. The 
process by which the concept is attained is not important 
at this stage, but rather that a mental image is created 


of the concept. 


Elements of Intuitive Thinking. One of the problems 
in coming to grips with the concept of intuitive thinking is 
defining it. The problem is even more acute if one sets out 
to define it in behavioral terms, that is, in terms of actual 
observable events. In this study, these observable events 
which are to be taken as manifestations of intuitive thinking 
are called "elements of intuitive thinking," a phrase borrowed 
from Evans. 2° 

Evans asks the following questions: 

Are there certain kinds of mental activity that can 

be classified as intuitive? Can (intuitive thinking] 
be described in terms of subprocesses? That is, are 
there certain observable techniques used by the intui- 
tive thinker which, if identified, would be of aid in 
studying the process?2 
It is the purpose of this section to identify observable 
methods and techniques used by the intuitive thinker as he 
functions in a classroom situation. The intuiter may be 
either the teacher or the student. Though there may be sig- 


nificant unobservable elements of intuitive thinking, these 


Will not be of any assistance to us since we are taking the 


36Evans, op. cit. p. 27. 
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direct approach in this study rather than the products-of- 


the-process approach. 


41,42 43, 44 


‘Bruner, 35,39 Evans, 10 Polya, Dienes, 
Burton, +5 and Guilfora’té have listed one or more of the 
following as elements of intuitive thinking (at this point 
these will be identified and in a later section an attempt 
will be made to reduce these to simplest possible terms so 
that there will be minimum overlapping among the elements): 

1. Symmetry of a structure - the number of automorphisms, 


that is self mappings, in the structure. 


38pruner, The Process of Education, pp. 60-65. 


39Bruner, Jerome S., On Knowing (Cambridge: Belknap 
Press of Harvard University Press, 1962), pp. 103-104. 


4Okvans, op. cit., pp. 10, 14-15, 26-29. 


4Ipolya, Mathematics and Plausible Reasoning, I, pp. 
vi-viil, 114, 3-5, 7, 22, 26-28, 35, 50, 55, 12-13, 111, 190, 
Oe, tL me 159. 


42Polya, How to Solve It, p. 63. 


43International Study Group to Mathematics Learning, 
Mathematics In Primary Education (Hamburg: Unesco Institute 
for Education, 1966), pp. 54-55. 


4WNpienes, Z.P., Buildin up Mathematics (London: 
Hutchinson Educational, 1960), p. 35. 


45Burton, W.H., R.B. Kimball and R.L. Wing, Education 
for Effective Thinking (New York: Appleton-Century-Crofts, 
Inc., 1960), p. 407. 


46Guilford, J.P., P.R. Merrifield, and A.B. Cox, 


the Psychological Laboratory, No. 26 (Los Angeles: Univer- 
sity of Southern California, September, 1961), p. 5. 
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2. Experimentation - the examination and testing of 
possible solutions. 
3. Intelligent trial and error - attempting things with 
@ purpose in mind. 
4. Guessing - purposeful guessing, with testing of guesses. 
5. Successive approximations. 
6. Manipulation - engaging in activity with elements of 
the problem. 
7. Concrete materials - embody mathematical structures 
in concrete materials, stories, or games. 
8. Examining limiting conditions of a problem (not the 
solution). 
9. Redefinition - rearranging the given information 
into a form which may suggest a solution. 
10. Similarity - recalling related problem situations 
and making use of the techniques. 
11. Analogy - comparing the problem situation to a con- 
crete embodiment of the concept. 
12. Visualizing the solution. 
13. Visualizing the finished structure. 
14. Generalization - extending techniques from given 
Situation to a more general case. 
15. Specialization - examining a special case to gain 
ideas for proofs and solutions of general case. 
16. Using concepts or principles without explicit 


verbalization of the same. 
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17. Skipping steps in arriving at a solution. 

18. Substituting a visual proof for a formal proof. 

19. Induction - the examination of specific facts and the 
seeking of possible generalizations based on these facts. 
20. Comparison - comparing the elements of the problem 
Situation with respect to such criteria as shape, size 

or position. 

21. Emphasis on the structure of knowledge - familiarity 


with basic concepts. 
IV. COMPLEMENTARY NATURE OF INTUITIVE AND ANALYTICAL THINKING 


Earlier reference was made to a useful function of 
analytic thinking. Though it is useful to use the words 
analytic thinking and intuitive thinking separately, one 
must not fall into the error of holding forth the merits of 
one process over against the merits of the other. 

Evans, *? Polya, *8 and other writers have recognized 
the complementary nature of intuitive and analytic thinking. 
Bruner, for example says: 

The complementary nature of intuitive and analytic 
thinking should, we think, be recognized. Through 
intuitive thinking the individual may often arrive at 
solutions to problems which he would not achieve at all, 
or at least slowly, through analytic thinking. Once 


achieved by intuitive methods, they should if possible 
be checked by analytic methods .49 


4?Evans, Op .Jeditig , Din 29a 
“8polya, How to Solve It, p. vii. 


49pruner, The Process of Education, p. 59. 
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Nidditch states that the products of intuition are 
only a beginning and not the end. They have to be checked 
by a deductive process.59 In speaking of scientific dis- 
covery, Popper distinguishes between the process of conceiv- 
ing a new idea ("creative intuition") and the methods and 
results of examining it logically (analytic thinking) .?4 
Hadamard too supports the idea that intuitive and analytic 
thinking are complementary: "Some intervention of intuition 
issuing from the unconscious is necessary at least to initi- 
ate the logical work." 

We note that the complementary nature of intuitive 
and analytic thinking is one of order, intuition preceding 
analytic thinking. Thus it would seem that when learning 
a new concept one could speak of an intuitive phase and an 
analytic phase. Furthermore, for purposes of research it 
would be profitable to concentrate exclusively on one phase. 


This study is concerned with the intuitive phase. 


V. DEVELOPMENTAL ASPECTS OF INTUITIVE AND 


ANALYTICAL THINKING 


There are at least two vantage points from which to 


S0Nidditch, op. cit., p. 303. 


DiPopper, op. cit., p. 31. 

52Hadamard, Jacque, An Essay on the Psychology of 
Invention in the Mathematical Field (Princeton, N.J.: The 
Princeton University Press, 1949), p. 112. 
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view developmental aspects of intuitive and analytical 
thinking. One can look at the chronological development of 
the mental capacities and, at the development of individual 


concepts. 


Chronological Development of Mental Capacities. The 


sequential aspects of Piaget's three stages of mental develop- 
ment--the preoperational stage, the concrete operations stage 
and the formal operations stage--have been supported by re- 
search. Dienes,23 Hull, 54 and Biggs? have presented support- 
ing evidence. 

Intuitive thought processes are already functioning 
during the preoperational stage, but it first becomes the 
prevailing mode of thought during the concrete operations 
Stage. In this stage children are able to engage in analy- 
tic thinking when problems are presented in concrete situa- 
tions. During the formal operations stage the child is 
capable of analytic thinking in situations not closely 
related to reality. Intuition is active in the formulation 
of hypotheses which he is now able to test analytically .°® 


In reviewing the literature on this subject, Evans states 


53International Study Group for Mathematics Learning, 
Bie 01 Gagh DallS7 « 


— 


54tpid. 

55Biggs, J.B., "The Development of Number Concepts in 
Young Children," Educational Research, I (February, 1959), 
pp. 17-34. 


5mvans, op.cit., pp. 31,37. 
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that; 
The evidence indicates that a child can learn, by 
an intuitive process, many mathematical concepts long 
before he can use these concepts in processes of logi- 
cal deduction, that is, analytical thinking. Since the 
child is able to learn intuitively in his early school 
years, it seems reasonable to expect that a great deal 
of attention should be given to this process, and that 
effort should be made to assist the child in the devel- 
opment of his intuitive ability.27 
Bruner too warns against attempting formal explanations based 
on a logic that is distant from the child's manner of think- 
ing. "Poor teaching results from premature formalism. "58 
Ausubel too points out that the elementary school 
child "is largely restricted to a subverbal, concrete, or 
intuitive level of cognitive functioning." However, he goes 
on, the Junior High School student can transcend the previ- 
ously achieved level of subverbal, intuitive thought and 
understanding. He is now capable of greater clarity, preci- 


Sion, explicitness and generality associated with advanced 


Stages of intellectual development .°7 


Concept Development. Lovell states that in the teach- 
ing of mathematics, intuition brings the first ideas to the 
chila.©° In this sense intuition is thought of as a phase 
in the development of a concept. Earlier, reference was 


already’ made to this aspect of concept development. 


57Ibid.,p. 35. 
58pruner, The Process of Education, p. 38. 


59Ausubel, op. cit., pp. 117-118 
60rovell, Ops .cLts, .poped: 
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According to Ausubel, each individual undergoes a 
"transition from concrete to abstract functioning in each 
new subject area, even after he reaches the abstract stage." 
When a learner first encounters a wholly unfamiliar subject- 
matter field, he initially tends to function at a concrete, 
intuitive level. He is able to pass through this stage more 
rapidly than young children. Ausubel emphasizes, though, 
that intuitive thinking should be used only during the early 
stages of concept development. 61 

Again, Dienes has a similar view when he speaks of 
his "cycles ‘of learning." “Im Chapter IIT reference will be 
made to the intuitive and analytic phases of concept develop- 


ment in the context of Dienes' "learning cycles." 
VI. A BEHAVIORAL DEFINITION OF INTUITIVE THINKING 


The approach taken here in presenting a behavioral 
definition of intuitive thinking is similar to that taken 
by the people who define intelligence to be what the test 
measures. The categories of the instrument form the basis 
of the definition presented in this section. Thus the first 
task undertaken is an examination of the twenty-one previ- 
ously listed elements of intuitive thinking with the purpose 
of establishing distinct, clearly observable, and mutually 
exclusive elements of intuitive thinking. These are at the 


Same time the categories of the instrument and, therefore, 


61ausubel, op. cit., pp. 119, 132. 
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24 
are the behavioral items in the definition of intuitive 
thinking. 

In reading various authors who have written about one 
or more of the elements of intuitive thinking, the investi- 
gator very often found a confusing array of definitions 
referring to the same term. In trying to sort out distinct 
elements of intuitive thinking, the investigator found it 
most advantageous to group the definitions which seemed to 
overlap or define the same thing and then attach a term to 
the definition. The terms may have different meanings from 
those previously cited. However, for the benefit of the 
reader of this study, it seemed more convenient to name the 
elements of intuitive thinking (that is, the name ultimately 
selected) first and then give the defining characteristics 
of the element, with supportive statements from various 
authors. 

1. Symmetry. Dienes defined symmetry to be "the 
number of automorphisms, that is self-mappings, in the struc- 
ture, "62 Polya says that "a whole is symmetric if it has in- 
terchangeable parts."63 He goes on to say that if a problem 
or structure is symmetric in some ways it may be profitable 
to notice its interchangeable parts and to treat those parts 


Which play the same role in the same fashion. Webster defines 


62International Study Group for Mathematics Learning, 
op. cits, p..54 


63Ppolya, How to Solve It, p. 19. 
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25 
Symmetry to be the correspondence in size, shape, and relative 
position of parts that are on opposite sides of a dividing 
line or median plane or that are distributed about a center 
Or axis. Without defining the term, Bruner claims that the 
appeal to symmetry will be a "support to intuitive thinking. "64 
2. Analogy. Again without defining the term, Bruner 
says that the use of analogy will be "a support to intuitive 
thinking. "5 The investigator found confusion in the use of 
the term analogy, comparison, and similarity and arbitrarily 
separated certain characteristics which he felt were suffi- 
ciently distinct and formed two elements: analogy and simi- 
larity. Polya says that: 
Analogy is a sort of similarity. It is, we could 
Say, similarity on a more definite and more conceptual 
level. . . The essential difference between analogy 
and other kinds of similarity lies, it seems to me, 
in the intentions of the thinker. Similar objects 
agree with each other in some aspect. If you intend 
to reduce the aspects in which they agree to definite 
concepts you regard those similar objects as analogous 


- Two systems are analogous, if they agree in 
clearly definable relations in their respective parts. 


66 
In other words, he considers analogy and similarity varia- 
tions of the same thing, but differing in degree. However, 
in this study, analogy refers to a procedure in which a 


comparison between a problem situation or a mathematical 


C4pruner, The Process of Education, p. 64. 
65Ibid. 


66Polya, Mathematics and Plausible Reasoning, I, p. 13. 
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26 
concept, and a different embodiment is made. The embodiment 
may be a concrete situation, a Dienes' story or game, or 
another mathematical structure. It includes Polya's idea 
of analogy and similarity, as well as the idea of comparison. 
The inference is made that if two things agree in one or more 
aspects, they will probably agree in yet other aspects. On 
the idea of concrete embodiments as an element of intuitive 
thinking, Bruner says that: 

Perhaps the first thing that can be said about 
intuition when applied to mathematics is that it 
involves the embodiment or concretization of an idea, 
Guickectic bin in the form of some sort of operation 

The term similarity was reserved for another definition. 

3. Similarity. The difficulties concerning the use 
of the terms similarity and analogy have already been refer- 
red to above. The term similarity was reserved for the 
procedure of recalling related problem situations having 
characteristics in common and making use of the techniques 
used there. This differs from analogy in that in analogy 
we are making a comparison between a mathematical concept 
or structure and the embodiment of a concept or structure, 
whereas in similarity we are making a comparison between dif- 
ferent problem situations having common elements. We could 


be making a comparison between two problem situations at the 


67Rruner, On Knowing, p. 103. 
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27 
same level of abstraction--for example, both could be dif- 
ferent embodiments of the same concept--and call it a simi- 
larity. Again, as in analogy, the inference is made that if 
two things agree in one or more respects, they will probably 
agree in yet other aspects. Of similarity Polya says that 
"it may be easy to imitate the solution of a problem when 


68 By posing the following 


solving a closely similar one." 
question, Bruner suggests that it is important to use simi- 
larity to encourage intuitive thinking: 

Should students be taught explicitly, 'When you 
cannot see how to proceed with the problem, try to 
think of a simpler problem that is similar to it; 
then use the method for solving the simpler problem 
as a plan for solving the more complicated problem'? 9 

4. Generalization. The term generalization was 

chosen to include the ideas conveyed by writers using the 
terms generalization, specialization and induction. Polya 
Says that induction, distinct from mathematical induction 
"is the process of discovering general laws by the observa- 
tion and combination of particular instances. "7° He goes 
on to say that induction finds regularity and coherence 


behind the observations. Generalization, says Polya, "is 


passing from the consideration of a given set of objects to 


68polya. G., Mathematical Discovery (New York: John 
Wiley and Sons, 1962), I, p. v. 


69pruner, The Process of Education, p. 63. 


70polya, How to Solve It, p. 114. 
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that of a larger set, containing the given one.u?l By 
specialization he means "passing from the consideration of 
&@ given set of objects to that of a smaller set, contained 
in the given one."’7© Evans has defined the terms as follows: 
Specialization: examining cases (such as numerical 
examples) to receive ideas for proofs or solutions. 
Generalization: extending the techniques used in a 
given situation to more general situations. Induction: 
the examination of specific facts and_the seeking of 
generalizations based on these facts. 
He also says that these are elements of intuitive thinking. 
Bruner notes that induction and intuition are used by mathe- 
maticians and suggests that there may be a relationship be- 
tween the two.?+ In this study we are defining intuitive 
thinking to include the inductive process. 

5. Experimentation. The term experimentation was 
chosen to include the ideas of experimentation, intelligent 
trial and error, purposeful guessing, and successive approx- 
imations. Evans defined these terms as follows: 

Experimentation: the examination and testing of 

possible solutions in light of the given information. 
Guessing or playing hunches: while this type of activity 
is not to be encouraged as the only technique, checking 
on one's guesses may be of assistance in developing ideas. 
Intelligent trial and error: attempting things with a 


purpose in mind. This might also be considered as the 
method of successive approximations. 


?lpolya, Mathematics and Plausible Reasoning, I, p. 12. 
(AT Didon. Pine. >. 
?3Evans, op, cit., pp. 27-28. 


74pruner, The Process of Education, p. 66. 


75Evans, loc. cit. 
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29 
Again Evans includes these as elements of intuitive thinking. 
Polya uses these terms interchangeably. Trial and error, he 
says, 
consists of a series of trials, each of which 
attempts to correct the error committed by the preceding 
and, on the whole, the errors are diminshed as we pro- 
ceed and the successive trials come closer to the desired 
final result. . . We may speak of successive approxima- 
tions .. . The teacher pias ke not discourage his students 
from using trial and error.? 
On the subject of guessing Bruner states that: 
The teacher who is willing to guess at answers 
to questions asked by the class and then subject his 
guesses to critical analysis may be more apt to build 
intuitive methods into his students than would a 
teacher who analyzes everything in advance for his class./7 
6. Manipulation. By manipulation as an element of 
intuitive thinking Evans means the "engaging in activity with 
the elements of the problem. Activity, even if not meaning- 
ful at the start, may help in initiating the flow of ideas."78 
In Chapter III, it will be pointed out that Dienes' concept 
of constructive thinking and Bruner's concept of intuitive 
thinking are essentially the same. Thinking of constructive 
thinking as being intuitive thinking, Dienes places great 
emphasis on "fiddling about" with the elements of a problem. 


This aspect of manipulation is documented more fully in 


?polya, Mathematical Discovery, I, p. 26. 


??Bruner, The Process of Education, p. 62. 


?SEvans, loc. cit. 
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Chapter III. Also included under the term manipulation is 
Bruner's procedure of "examining the limiting conditions of 
a problem" (but not of the solution), which he also lists as 
one of the things which "support intuitive thinking. "79 

7. Skipping steps. By skipping steps is meant the 
Solving of a problem in which many of the logical steps of 
the argument are apparently omitted or subconsciously used. 
This element was derived directly from a consideration of the 
various definitions of intuitive thinking presented earlier. 
One of the defining characteristics given was the skipping 
of steps while working out a solution. 

8. Pre-verbalization. By pre-verbalization is meant 
the use of concepts or principles without the explicit verba- 
lization of the same. Bruner states that he is 

objecting to something far worse, the premature use 

of the language of mathematics, its end-product formal- 
ism .. . At our worst, we offer formal proof (which 38 
necessary for checking) in place of direct intuition. 
Gertrude Hendrix put much stress on the distinction between 
verbalizing and having developed a mathematical concept. 
She contended that a student can discover mathematical results 


without being able to verbalize them. 81 


?9Bruner, The Process of Education, p. 56. 
SOpruner, On Knowing, p. 104. 


Siyendrix, Gertrude, "A New Clue to Transfer of Train- 
ing," Elementary School Journal, XLVIII (December, 1947), 
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9. Solution visualization. By solution visualiza- 
tion is meant a pre-occupation with the solution or finished 
structure in which attempts are made to delimit the possible 
magnitude, shape, position, or any other characteristics of 
the solution or finished product. No attempt is made at 
stating an actual solution. Bruner states that the "visual- 
ization of the solution" will be "a support to intuitive 
thinking. »&2 Polya says that "the end suggests the means; 
the consideration of the aim may suggest an approach. "83 
10. Informal "proof." Informal "proof" refers to 
the procedure whereby a visual (or "inductive") proof is 
substituted for a formal proof. The classroom activity 
referred to here was considered to be sufficiently distinct 
from that described by the element "generalization" above 
Since we are not concerned with generalizations here, but 
an actual "proof" satisfying to the student. There is no 
attempt to glean a pattern or manner of proof to be used in 
a formal proof. Bruner states that 
there has been very little done, for example, on 
the use of diagrams as geometrical experiments 
in which visual proof substitutes for formal proof 
where possible. 
He goes on to suggest that such activity would probably lead 


to a "better intuitive understanding. "84 


S2Bruner, The Process of Education, p. 64. 


83Polya, Mathematical Discovery, II, p. 79. 
S4pruner, The Process of Education, p. 56. 
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We are now ready to give a behavioral definition of 
intuitive thinking as the term was used in this study. In- 
tuitive thinking is thinking which makes use of the follow- 
ing processes (each of the terms being defined as above): 
Symmetry, analogy, similarity, generalization, experimenta- 
tion, manipulation, skipping steps, pre-verbalization, 


sOlution visualization, and informal proof. 
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CHAPTER III 
A THEORY OF MATHEMATICS LEARNING AND INTUITIVE THINKING 
I. INTRODUCTION 


In Chapter I reference was made to Bruner's concern 
over the devaluation of the role of intuition in school 
learning. It is the purpose of this Chapter to place intui- 
tive thinking in the context of a theory of mathematics 
learning developed by Z. P. Dienes and in so doing suggest 
a plausible function of intuitive thinking in the process of 
learning a mathematical concept. It is hoped that the suc- 
cessful attainment of this purpose will help to dispel some 
of the suspicion surrounding the use of an intuitive approach 
in instruction. 

Before taking up the main subject of this chapter it 
will be necessary to present some background information on 
contemporary learning theories and on Dienes' conception of 


mathematics and mathematics learning. 
Il. MATHEMATICS AND MATHEMATICS LEARNING 


By mathematics, Dienes means "the actual structural 
relationships between concepts connected with numbers (pure 
mathematics) together with their applications to problems 


arising in the real world."! pDienes goes on to point out 


ipDienes, Z.P., Building Up Mathematics (London: 
Hutchinson Educational, 1960), ees 
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that when we consider 
_ what we mean by an ability to engage in a mathemati- 
cal activity, we must be clear about the existence of at 
least two aspects of such activity: (i) disentangling 
the conceptual structure and (ii) acquiring and using 
the idhgalgh old involved in operating and applying the 
structure. 
This then implies two types of abilities: the ability to 
understand and the ability to handle techniques. 

By the learning of mathematics Dienes means the appre- 
hension of the structural relationships together with their 
Symbolization, and the acquisition of the ability to apply 
the resulting concepts to real situations occurring in the 
world.? 

In order for a child to develop mathematical concepts 
he must Know the language and symbols of mathematics. Lovell 
Suggests that besides understanding concepts, children must 
learn to combine them with other concepts, using the language 
and symbols, that is, mathematics is a mental activity.” 
Dienes holds a similar view: 

Mathematics is based on experience; it is the 

crystallization of relationships into a beautiful 


regular structure, distilled from our actual contacts 
with the real world. 


<Dienes, Z.P., Concept Formation and Personality 
(London: Leicester University Press, 1965), p. 2. 


3Dienes, Building Up Mathematics, pp. 31-32. 
4rovell, K., The Growth of Basic Mathematical and 


Scientific Concepts in Children (London: University of 
London Press, i563), . 20. 


5Dienes, Building up Mathematics, p. 10. 
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It is questionable whether most of the mathematics 


taught in our schools is of the type described above. A 
utilitarian value can probably be attached to mathematics 
as described above, but it is not the purpose here to 
advocate utilitarian or academic aims of mathematics educa- 
tion. However the theory of mathematics learning to be 
presented hereafter will have some significant implications 
for teachers who want to teach mathematics with understand- 


ing, rather than being content with rote learning. 


III. BACKGROUND INFORMATION ON CONTEMPORARY 
LEARNING THEORIES 


Much of the learning theory presently in vogue has 
been based upon animal experimentation in which the teaching 
process has been neglected. On the whole these learning 
theories are too simple and elementary to account for the 
extremely complex processes that must go on in the mind of 
anyone trying to acquire complex structures of the sort which 
abound in mathematics. Contemporary learning theories are 
not adequate for explaining or suggesting experiments relat- 
ing to complex mental processes. Buswell's comment on this 
issue is worth noting: 

Without the slightest criticism of experiments in 
general psychology, we cannot continue to be satisfied 
with implications for education from results of experi- 
ments with simple mental processes, with animals, and 
at the sub-language level .. . I am proposing that 
educational psychologists take their cues for research 


from the problems of learning in schools where the 
processes are complex and where the learnings carried 
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on are at the language level .6 
Piaget is a researcher who has studied the learning 

process in its full complexity. He has spent many hours 
Studying children in actual learning situations. Two of 
his ideas are particularly significant to Dienes' theory of 
mathematics learning and thus to our conception of the 
function of intuitive thinking in learning mathematics con- 
cepts. The first of these is "thought is internalized 
action." Piaget believes that all the child's learning has 
its basis in his own activity as he interacts with his 
physical and social environment. 7? 

In effect thought itself in this view is simply an 
internal version or development of outward action. It 
is action which becomes progressively internalized 
through the child's acquisition of language and his 
growing use of symbols, through imagination and 
representation. 

It then follows that the child must actively construct his 
own thought system. 

According to Piaget, perception is not the mere 
passive registering of raw sensations by the child's 


sense organs. It is to be understood as perceptual 
activity, in which the child's brain organizes the 


6Buswell, G.T., "Educational Theory and the Psychol- 
Ogy of Learning," The Journal of Educational Psychology, 
XLVIII (March, 1965), p. 181. 


7Adler, Irving, "Mental Growth and the Art of Teach- 
ing," The Mathematics Teacher, LIX (December, 1966), p. 707. 


STsaacs, Nathan, New Light on Children's Ideas of 
Numbers: The Work of Professor Piaget (London; Educational 
Supply Association, 1960), p. 6 
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ieberphyebcg: he gathers in the course of his exploratory 
activity. 


The second idea is his concept of assimilation and 
accomodation. Irving Adler has summarized the concepts as 
follows; 

Mental activity, like metabolic activity, is a 
process of adaptation to the environment. Adaptation 
consists of two opposed but inseparable processes, 
assimilation and accomodation. Assimilation is the 
process whereby the child fits every new experience 
into his pre-existing mental structures . . . AcconfSda- 
tion is the process of perpetual modification of mental 
structures to meet the requirements of each particular 
experience. 

The structure of a body of knowledge present in the mind at 
any given time Piaget calls a schema. Learning then becomes 
a matter of incorporating perceptions into the schema or 
enlarging and modifying the existing schema./1 

Skemp advocates a similar approach to learning. In an 
article entitled "The Need for a Schematic Learning Theory" 
he makes the case that an edequate learning theory must take 
into account (among other things) the systematic development 


of an organized body of knowledge. 14 In all subjects, new 


learning is made possible by some of the knowledge we already 


Sadler, op cit. p. 709: 

10Tbid., p. 707. 

11lSkemp, R.R., "The Need for a Schematic Learning 
Theory," The British Journal of Educational Psychology, 
XXXII (February, 1965), p. 133. 
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have, but this varies from subject to subject. Skemp points 
out that "in mathematics dependence on earlier knowledge is 
great."13 This is not to say that non-schematic learning is 
impossible. Indeed Skemp laments the fact that students can 
rote-learn what is required of them. When this happens, not 


only is understanding absent, but the schema required for 


future learning is not being prepared. 14 Biggs, too, builds 
on the ideas of Piaget. He uses the ideas of structured and 
unstructured (alogical) learning to refer, respectively, to 
learning in which there is a balance between assimilation 

and accomodation and learning in which we have only assimi- 


lation (that is, rote learning) .15 
IV. DIENES' THEORY OF MATHEMATICS LEARNING 


Z. P. Dienes has developed a theory of mathematics 
learning based on many of these ideas and on his own exten- 
Slive experience with children learning mathematics concepts. 
Two events must take place when mathematics is learned: 


(1) sorting events into classes or categories, so 
that any event is immediately recognized as either 


‘3 skemp, R.R., "A Three-part Theory of Learning Mathe- 
matics, New Approaches to TG Teaching, F.W. Land, 
editor (London: MacMillan, 1963), p. 45. 


14Tbid., p. 47. 


15Bigges, John B., "Towards a Psychology of Educative 
Learning," International Review of Education, XI (January, 


1965), Pp. 77-79, 90. 
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belonging or not belonging to a class or category, or 

of course, as being irrelevant to it; 

(11) becoming aware of the relationship to,each other 

of the classes or categories constructed. 1 
The first event constitutes forming an element to class 
relationship and the second constitutes forming a class to 
class relationship. This is clearly reminiscent of Piaget's 
statement "the child organizes the sensations he gathers in 
the course of his exploratory activity" referred to earlier 
in the chapter. The second event referred to by Dienes refers 
to the influence of prior learning on present concept develop- 
ment. The events also suggest the building up and adjusting 
of mental schema (that is, the assimilation and accomddation 
referred to earlier in the chapter). 

Dienes has developed several principles of mathematics 
learning. The first of these he calls the dynamic principle.!7 
Learning takes place in three stages to form a "cycle" which 
is repeated for each new concept learned. The product of 
earlier cycles form the objects of the new situation initiat- 
lng another cycle of learning. The three stages are: 

(i) Play stage. This is a time of random manipulating 

of the new situation. Dienes uses the phrase "fiddling 
about" to characterize this stage. In this way the 


learner is laying the foundation on which he will 


16pienes, Z.P., The Power of Mathematics (London: 
Hutchinson Educational, 1964), pp. 21-22. 


1Zfthid s, Ppp) °23-32. 
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structure his own thought systems. 

(ii) Learning the rules. From the play stage experi- 
ences, the restrictions of the new situation make them- 
selves felt and we are led to the realization of the 
regularities inherent in the situation. Though we may 
not agree with the Gestaltist position that this search 
for regularity is innate or that, indeed, an objective 
regularity exists in nature, we cannot deny that the 
search for regularity by human beings exists. In this 
Stage the learner is actively involved in building his 
own thought systems. 

(i111) Reification. In this stage we treat an abstrac- 
tion as substantially existing or as a concrete object. 
It is now that we say "we understand" or "we have gained 
insight." We consolidate this new concept in one or both 
of two ways: (a) practice (b) analysis. Practice leads 
to a more or less unconscious stamping in of the regular- 
ity so that we are able to use it as a matter of course. 
The structure "soaks into us as one more way of sorting 
out our environment. "18 Analysis may be one of two kinds: 
(1) retroactive analysis (2) progressive analysis. 
Retroactive analysis is looking back at the structure 
that has been built and analyzing it in a critical way. 


This is usually a conscious activity. Progressive 


18tpid., p. 30. 
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44 
analysis is an extension of the rule structure, that is, 
generalizing. It is an "extension of an already existing 
class into a more extensive class."19 

To increase the efficiency of mathematics learning 

(that is, the operation of the cycle), Dienes has formulated 
three more principles.29° The first principle is the princi- 
ple of multiple embodiment. To allow as much scope as pos- 
Sible for individual variations in concept formation, as well 
as to induce the learner to gather the mathematical essence 
of an abstraction, the same conceptual structure should be 
presented in as many perceptually equivalent forms as possible. 
Mental growth is encouraged by the experience of seeing 
things from many points of view. Although this is especially 
important for the young child, it should not be neglected in 
teaching the older child and the adolescent. This ensures 
that exemplars of the concept will be recognized. The 
principle of contrast requires that both exemplars and non- 
exemplars of a concept be presented. This will ensure that 
situations not possessing the structure will be recognized 
as such. The mathematical variability principle states that 
the variables involved in the situation should be varied. 
This will focus attention on the essentially invariant 
features. 

Since our natural environment provides few opportuni- 


ties for children to manipulate mathematical concepts and 


19tpid., p. 32. 7°Ipid., pp. 40-41. 
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43 
that takes place without the thinker being aware of the 
details of what he is thinking about. He may arrive at 
a correct conclusion by looking at the whole structure. 
He may then be realizing in some sense how the struc- 
ture works without being aware of the internal relation- 
ship of the rencetee es 

This concept of constructive thinking has the same elements 
as Bruner's concept of intuitive thinking described in 
Chapter II. This then suggests how the function of intuitive 
thinking can be described in the context of Dienes' theory of 
mathematics learning. 

Dienes emphasizes the importance of giving children a 
Wide range of experience with mathematical ideas, even to the 
extent of random manipulation of the elements of a mathemat- 
ical concept without any specific goal in the mind of the 
child. The purpose of this is to give the learner a wide 
range of meaningful imagery which he can employ in complet- 
ing the learning cycle. The emphasis here is to give the 
learner an intuitive feeling of the situation without having 
to describe or consider all the relationships among the ele- 
ments he is manipulating. Dienes feels that if the only 
mathematical structures available to the learner are those 
which he builds deductively, he is sure to be mentally 


impoverished. When a child learns a language, he has a rich 


environmental background to provide him with mental images, 


25Dienes, Z.P., "Research in Progress," New Approaches 
to Mathematics Teaching, F.W. Land, editor (London: MacMillan, 
1963), Pp. 51. 
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but when he begins to learn mathematical structures he does 
not have such an abundant supply of referents.2© It is the 
belief of this investigator that constructive thinking or 
intuitive thinking can provide an abundant supply of meaning- 
ful mental images of mathematical structures. 

Furthermore, Dienes and Piaget contend that before the 
age of eleven or twelve, the child is practically incapable 
of analytic thought and must rely heavily on intuitive think- 
ing.©? Even later, when the learner is first introduced to a 
wholly unfamiliar concept, he initially tends to function at 
a concrete, intuitive level.28 Lovell maintains that "at 
any stage in the teaching of mathematics, experience and 
intuition bring the first ideas to the child."29 Willoughby 
recognizes that formalism has a place in mathematics educa- 
tion, but maintains it should "not be allowed to usurp the 
place of understanding and intuition, "3° 

In summary then, the poverty of mathematical imagery 


in most children's minds is an important factor in their 


26Tpid. 

2’Dienes, Z.P., "The Growth of Mathematical Concepts 
in Children Through Experience," Educational Research, II 
(November, 1959), p. 12. 


28ausubel, D.P., The Psychology of Meaningful Verbal 
Learning (New York: Grune and Stratton, 1963), p. 119. 


29Lovell, op. cit., p. 29. 


30willoughby, S.S., Contemporary Teaching of Second- 
ary School Mathematics (New York: Wiley, 1967), p. 225. 
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45 
difficulties in coping with mathematics. Intuitive thinking, 
therefore, can be and should be used to increase the effici- 
ency of mathematics learning and to increase mathematical 
creativity. Bruner gives his support to the importance of 
this conviction in the following statement: 

It is important to allow the child to use his natural 
and intuitive ways of thinking, indeed to encourage him 
to do so, and to honor him when he does. I cannot be- 
lieve that he has to be taught this. Instead, we should 


first end our habit of inhibiting intuitive inthe eat and 
then find ways of helping the child improve at it.3 


3ipruner, On Knowing, p. 105. 
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CHAPTER IV 
THE REVIEW OF SELECTED RESEARCH 
I. INTRODUCTION 


The writer was unable to find any research which 
attempted to develop an instrument for measuring intuitive 
thinking in the classroom. However, in recent years con- 
Siderable effort has been expended in trying to measure 
classroom behavior by systematic observation. Though this 
is an obvious approach to research in teaching, until re- 
cently it has been attempted only rarely. Typically, ante- 
cedents or consequences or both have been studied and infer- 
ences made as to the nature and quality of the teaching used. 
Oftentimes, it was merely assumed that a teacher would teach 
by certain methods when instructed to do so. 

Direct research into intuitive thinking is rare indeed. 
There have been some attempts at obtaining empirical evidence 
on the process, though the focus has been on the thought 
processes of the student and not on the interaction between 
pupils and teacher. 

Accordingly, in this chapter a review of selected re- 
search on the methodology of instrument development for 
measuring classroom behavior and on empirical studies 


attempted with intuitive thinking will be presented. 
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II. MEASUREMENT OF CLASSROOM BEHAVIOR 
BY SYSTEMATIC OBSERVATION 


The first need for measuring classroom behavior arose 
in connection with the function of supervisory personnel in 
public school systems.1 Since then the technique was found 
to be useful for measuring effective teacher behavior, meas- 
uring classroom climate, measuring multiple dimensions of 
classroom behavior and in classroom experimentation.¢ 

One problem with many of these instruments has been 
their failure to get at any aspect of classroom behavior re- 
lated to pupil achievement of cognitive objectives. Medley 
and Mitzel state that two studies have taken important first 
steps toward the construction of such instruments. These are 
the studies done by B.O. Smith and by Muriel Wright and 
Virginia Proctor.3 The emphasis in the review of these 
studies will be on the methodology of the development of the 


instruments. 


The B.O. Smith Study.’ ‘This study had its beginnings 


Imedley, D.M., and H.E. Mitzel, "Measuring Classroom 
Behavior by Systematic Observation," Handbook of Research 


On Teaching, N.L. Gage, editor (Chicago, Rand McNally, 1963), 
aoe 


2Ibid., pp. 237-290. 
3Ibid., pp. 286-290. 


4 Meux, M. and B.O. Smith, "Logical Dimensions of 
Teaching Behavior," Contemporary Research on Teacher Effect- 
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48 
with experiments which attempted to determine the effects 
of instruction in the logic of high school subjects on the 
ability of students to think critically. With the instrument 
that Smith is developing, he hopes to be able to answer the 
Question of how one can describe the kind and amount of in- 
struction given in the logic of subjects. 

One of the stated purposes of Smith's study which is 
relevant to this study is "to devise a procedure for finding 
out whether or not there are logical dimensions of teaching 
and for describing such dimensions as may be found."2 He 
is interested in observing, describing and classifying the 
phenomenon, with no effort being made to induce changes, to 
study its underlying conditions or to find its correlates. 
The appropriate modes of inquiry for this kind of research 
are those which attempt to distinguish among characteristics 
and those involved in the formulation of criteria defining 
the categories into which instances of the phenomenon are to 
be classified. 

The selection of concepts to be used depends upon the 
standpoint from which teaching behavior is to be observed and 
classified. In Smith's study the elements to be studied were 


verbal behavior and the logical nature of behavior. To 


iveness, B.J. Biddle.and W.J. Ellena, editors (New York: Holt, 
Rinehart, and Winston, 1964), pp. 127-164. 


2Thid., p. 129. 
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49 
analyze the mass and variety of verbal behavior of a class- 
room, two units were developed. The units to be chosen had 
to meet four criteria: low inference level, analyzable in 
terms of the logical aspects of teaching and of thinking, 
neutral with respect to subject matter and have a fair 
amount of reliability. The units of discourse chosen were 
the episode and the monologue. An episode is the one or 
more exchanges that comprise a completed verbal transaction 
between two or more speakers. The monologue is the solo 
performance of a speaker addressing a group. 

Having selected the units into which the verbal dis- 
course was to be broken down, Smith then established the 
criteria by which the individual units of discourse were to 
be identified. These are generally quite complex and are 
not presented here. (Smith says that they would be useless 
to any one who has not first developed a perceptual and 
technical background.) The criteria are divided into four 
groups. The group one criteria are concerned with identify- 
ing the opening phase of an episode (or the means of "entry" 
into episodes). Group two criteria and group three criteria 
cover the kind of remarks found in the sustaining and termi- 
nating phases of the episodes. The group four criteria are 
used to identify monologues. 

The procedure for identifying the units of discourse 
using the above criteria involves a careful analysis of 


transcripts of the verbal discourse. In marking off the 
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50 
transcripts, the analyst tags each utterance with one or more 
numbers taken from the set of criteria, each number represent- 
ing the identity of the particular remark made. 

The next step involves classifying the units (episodes 
and monologues) identified in the previous step. Some of the 
ways in which units may be classified are: 

1. By the nature of their content. 

2. The number of verbal interactions they involve. 
3. By the Pe avadoas at processes they involve. 

4. By their logical features (the one Smith chose). 

To classify the units requires establishing (1) cate- 
gories and (2) criteria for deciding whether or not a given 
unit belongs to a particular category. Smith finally chose 
thirteen categories, some of which were broken up into sub- 
categories: defining, describing, designating, stating, 
reporting, substituting, evaluating, opining, classifying, 
comparing and contrasting, conditional inferring, explaining, 
and directing and managing classroom. The criteria were 
first developed by trial and error. Each unit of a verbal 
discourse was written on a separate piece of paper and two 
investigators independently sorted the units into the 
thirteen categories, developing rules as they worked. The 
investigators then exchanged their rules and resorted the 
units on the basis of the rules before them. They then com- 
pared their classifications, noted the agreements and dis- 


agreements and made changes which evolved from their 
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54 
deliberations. These rules were then used as the final 
criteria. 

Since the present study is concerned with the develop- 
ment of an instrument, further procedures used by Smith to de- 


velop logical dimensions of verbal discourse are not reviewed. 


The Wright-Proctor Stuay.°’? Whereas Smith limited 
his study to the logical processes of language, Wright stud- 
led three aspects of language and made these the basis for 
defining the categories of her instrument. Furthermore, 
Wright felt that the aspects of language studied by Smith, for 
example, would be put in proper perspective by developing cat- 
egories and definitions from the species of mathematical lan- 
guage in the classroom. The three aspects of language con- 
Sidered by Wright were subject matter content, psychological 
process (the cognitive aspects) and sociological attitude 
(the affective aspect). Thus each unit of verbal discourse 
was classified with respect to content, process and attitude, 


that is, each unit of verbal discourse was considered to have 


6wright, Muriel J., "Development of an Instrument for 
Studying Verbal Behaviors in a Secondary School Mathematics 
Classroom," Journal of Experimental Education, XXVIII (1959), 
pp. 103-121. 


?Wright, Muriel J. and Virginia Proctor, "Systematic 
Observation of Verbal Interaction as a Method of Comparing 
Mathematics Lessons," U.S. Office of Education Cooperative 
Research Project No. 816 (St. Louis, Mo.: Washington Univer- 
sity, 1961). 
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52 
three dimensions--content, process and attitude. 

The categories of the content frame were selected to 
correspond to aspects of mathematical systems and functional 
classroom behavior. The question of "What aspects of mathe- 
matics is being worked on?" is answered by selecting a content 
category. The content categories were structure, technique, 
deductive, inductive, statement, mathematical application 
and other applications. 

The categories of the process frame were developed on 
the basis of logical functioning in problem-solving. The 
syllogistic categories of analyzing and synthesizing include 
logical operations of inference. The classificatory cate- 
Peries ot generalizing and specializing include the verbal- 
ization of generalizations, their applications,and the 
heuristic process of problem dissection and focussing on 
goals. The relevant category is a more static one. A 
statement of relevant information occurs when mathematical 
information is presented with no apparent logical sequence. 

The categories of the attitude frame answer the ques- 
tion "How much initiative are the pupils asked to show, and 
how much do they demonstrate?" The categories of this frame 
are curiosity, independence, and receptivity. 

A neutral dimension is provided to take care of non- 
verbal and non-mathematical units of verbal discourse. 


Wright gives the following scheme for observation procedures: 
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III. MEASUREMENT OF INTUITIVE THINKING 


The research to be reviewed in this section may seem 
to have little relevance to this study. It is being included 
to illustrate that there have been serious attempts to meas- 
ure intuitive thinking empirically. 

Guilford in a paper delivered to the Utah Conference 
on Creativity, stated that "much has been done in the direc- 
tion of investigating operations under the heading of intui- 
tion or insight. "8 But he goes on to point out that many of 
these investigations were made through the examination of how 
conditions affect those phenomena. 


Westcott presented a report to an earlier session of 


S8guilford, J.P. "Basic Problems in Teaching for Crea- 
tivity," “Instructional Media and Creativity, C.W. Taylor, 
and F.E. Williams, editors (New York: Wiley, 1966), p. 89. 
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54 
the same conference series entitled "Empirical Studies of 
Intuition. "7 In this report he states that some studies 
on insight, unconscious concept formation and transfer of 
training are actually addressed to the problem of intuition. 
He reports one study by Bouthilet in which learning curves 
for learning paired associates were constructed. The points 
where the curve rises sharply were thought to demonstrate 
intuition. 

Westcott's own study!9,11 gealt with individual dif- 
ferences in the tendency to make intuitive judgments in 
solving problems. 

Westcott describes his experimental situation: 


A subject is presented with a series of twenty prob- 
lems to solve, and the information necessary to solve 
each is available in small quantities. The subject is 
instructed to solve as many problems as possible using 
as little information as possible. The actual format 
of the problems .. . consists of a masonite board with 
twenty rows of slots in it. Beneath each slot is a 
piece of information which I call a "clue," and each 
clue is covered by tin foil, which can be punched out 
With a stylus. The clues must be taken in the sequence 
given. When the person reaches what he feels is the 
answer he records it on the answer sheet. 


9westcott, M.R., "Empirical Studies of Intuition, " 


Widening Horizons of Creativit C.W. Taylor, editor (New 
York: Wiley, 1964), pp. 34-53. 


10Tpid. 


llwestcott, M.R. "On the Measurement of Intuitive 
Leaps," Psychological Reports, XXI (1961), pp. 267-274. 


12westcott, "Empirical Studies of Intuition." p. 41. 
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55 
He claims that he was able to identify intuitive thinkers 


with this instrument. 
IV. CHAPTER SUMMARY 


Research studies reviewed in this chapter provide 
Support for the methodology for instrument development used 
in the present study and illustrate serious attempts at 
measuring intuitive thinking empirically. 

The method used in constructing the instrument of 
the present study was patterned after the B. O. Smith study 
and is presented in detailed form in the following chapter. 
The work of Flanders!3 has not been reported since his 
instrument uses an alogical, timed unit. Such a unit is 
completely unsatisfactory for the study of thought processes. 
Bellack's "moves" and Kliebard's "teaching cycle" form an 
integral part of the instrument and are, therefore, described 


in detail in Chapter VI. 


13Planders, N.A., "Interaction Analysis in the Class- 
room: A Manual for Observers" (unpublished manuscript, 
University of Michigan, 1960(b)). 
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CHAPTER V 
THE DESIGN OF THE STUDY 
I. INTRODUCTION 


This chapter describes the mechanics of the study. It 
includes an outline of the procedures followed in tape re- 
cording and transcribing the lessons, developing the instru- 


ment, and analyzing some lessons with the instrument. 
II. DESCRIPTION OF THE DATA 


Two series of tape recordings of classroom lessons 
were made which, for convenience, will be referred to as 
series A and series B. Series A consisted of two of each 
of Grade V, VIII, and IX mathematics lessons. All record- 
ings were made at one elementary-junior high school in the 
city of Edmonton, Alberta. However, due to recording defi- 
cilencies it was impossible to use one of the Grade V lessons 
and one of the Grade IX lessons. 

Series B consisted of three consecutive Grade IV 
mathematics lessons, two consecutive Grade VIII mathematics 
lessons and three consecutive Grade X mathematics lessons 
obtained from an elementary-junior high school and a high 
school in the city of Edmonton, Alberta. 

Teachers were requested to carry on with normal text- 
book coverage. Review lessons were specifically excluded. 


The teachers were unaware of the nature of the investigator's 
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57 
purpose for collecting these tapes. 

Using a foot-controlled tape recorder, secretaries 
transcribed these tape recordings. Each new speaker was 
identified by S (student) or T (teacher). A margin was 
kept on the left-hand side of the page to facilitate the 
marking of units and their classification. If an utter- 
ance or part of one was unintelligible, it was indicated by 
"mumbled". The transcriptions were then checked by listen- 
ing to the recordings, corrections being made where necessary. 

The classroom recordings were made using a "mixer" 
Which allowed for three microphones to be attached to the 
one recorder. This made it possible to distribute the micro- 
phones in the classroom for better reception. The details in 
all but the Grade X lessons of series B were handled by 
technicians. In the case of the latter, the investigator 


made the recordings. 
III. THE PROCEDURE FOR DEVELOPING THE INSTRUMENT 


The central problem in the development of an instru- 
ment is to identify objective characteristics of the concept 
being measured and then to identify the same characteristics 
in the data. Several stages in the process of developing an 
instrument were identified through the study of procedures 


used by various investigators. The work of B. O. Smith 


lBellack, Arno A. in collaboration with Ronald T. 
Hyman, Frank L. Smith, Jr., and Herbert M. Kliebard. The 
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58 
contributed most directly to the particular stages adopted 
here. “His procedures proved to be useful since he too 
investigated the logical nature of the teaching process. 

His study has already been described in Chapter IV. 
Two basic processes were dealt with. They are, in 
the words of Medley and Mitzel: 


Identifying a limited range of behavior relevant to 
the purpose of the study and... . constructing cate- 
gories or items to be used by the observer. 


The "limited range of behavior" is the unit and "categories 
or items" are the categories of the instrument. They are 


discussed in that order. 


Language of the Classroom: Meanings Communicated in High 
School Teaching Phase Two (U.S. Office of Health, Welfare, 
and Education, Cooperative Research Project No. 2023, New 
York: Columbia University, 1965); Heynes, Roger W. and Ronald 
Lippit, "Systematic Observation Techniques," Handbook of 
Social Psychology, Gardner Lindzey, editor (Cambridge, Mass.: 
Addison-Wesley, 1954); Kliebard, Herbert Martin, "Teaching 
Cycles: A Study of the Pattern and Flow of Classroom Dis- 
course" (Unpublished doctoral dissertation, Columbia Univer- 
sity, 1963); Medley, D.M. and H.E. Mitzel, "Measuring Class- 
room Behavior by Systematic Observation," Handbook of 
Research on Teaching, N.L. Gage, editor (Chicago: Rand Mc- 
Nally, 1963); Meux, M. and B.O. Smith, "Logical Dimensions 
of Teaching Behavior," Contemporary Research on Teacher 
Effectiveness, B.J. Biddle and W.J. Ellena, editors (New York: 
Holt, Rinehart, and Winston, 1964); and Wright, Muriel J. and 
Virginia Proctor, "Systematic Observation of Verbal Inter- 
action as a Method of Comparing Mathematics Lessons," U.S. 
Office of Education Cooperative Research Project No. 816 (St. 
Louis, Mo.: Washington University, 1961). 


Medley and Mitzel, op. cit., p. 251. 
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The Unit. Prior to actually considering specific 
units, desirable characteristics of the prospective unit were 
identified. These dealt with such matters as size and bound- 
aries. A number of units developed by other investigators 
were then examined to see how well they met those character- 
istics. Kliebard's "teaching cycle" was finally selected as 
the unit. Minor adaptations of the criteria developed by 
Bellack and Kliebard were made so as to make the unit more 
Suitable for this study. 

Finally, an estimate of the dependability of the 
criteria when used by different judges was obtained. Two 
judges studied the unit identification criteria and prac- 
tised identifying units on three pages of transcriptions. 

The results were then compared and differences were noted 

and resolved by discussing the criteria. Each judge then 
proceeded to identify the units in 72 pages of transcriptions 
from the A series. The results were then compared by enumer- 
ating the number of units on which both judges agreed and the 
number of units identified by each judge. The formula for 
the coefficient of interjudge agreement used is based on a 
percentage agreement between two independent judgements: 


Biesit where A is the number of agreements be- 


max (By, By xX; 
tween judges x and y, E, is the total number of units marked 


by x and E, is the total number of units marked by y, and 


a 
max (EE, ) specifies that the larger of the two numbers Ey 
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and Ey is to be selected.3 


The Categories. Medley and Mitzel have given several 
ideal characteristics of instruments for systematic observa- 
tion of classroom behavior.4+ ‘These along with a considera- 
tion of the intended use of the instrument were used to 
delineate the characteristics of the categories to be con- 
structed. The actual choice of the categories and a 
description of each of them has already been given in 
Chapter II on pages 24 to 31. Using these categories and 
descriptions, a preliminary classification was made to 
determine the most useful part of the unit which would aid 
the classification. Particular efforts were made to see 
if the initiatory move of each unit would give sufficient 
information to carry out a classification. 

To develop the unit classification critera, a trial- 
and-error method similar to that used in the B. O. Smith 
study) was used. The first step was to develop a preliminary 
set of criteria based on the definition of the categories. 
Then using these preliminary criteria, two judges worked 
independently classifying 427 units of verbal discourse. 


They made changes and added other criteria in order to 


3Meux and Smith, op. cit., p. 138. 
4medley and Mitzel, op. cit.,p. 302. 


5See Chapter IV, p. 47. 
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clarify ambiguities and make the criteria more practical. 
Having completed one such classification on 427 units, the 
judges consulted on their findings. Problems, agreements, 
and disagreements were noted. After deliberations, revisions 
were made jointly. The revised criteria were then used in- 
dependently by each of the two judges on a further 679 units 
of discourse. Again the judges noted desirable changes and 
additions. Having completed this, final revisions of the 
criteria were made jointly by the two judges. These revised 
criteria were then designated as "the unit identification 
criteria." 

Finally, an estimate of the dependability of these 
criteria when used by different judges was obtained. Two 
judges classified 628 units. The number of units placed 
in each of the categories by each of the judges was tabulated. 
Then the frequency of the number of agreements between the 
judges for each category was determined. This information 
was then used to determine a coefficient of interjudge 
| adel ah for each category by using the formula Ry = 
Ay + D44 + Day where A; is the number of agreements between 
the two judges in category i, D,,; is the number of units 
placed in category i by the first judge but not by the second 
and Do; is the number of units placed in category i by the 


second judge but not by the first.® 


6meux and Smith, op. cit., p. 150. 
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62 
IV. ANALYSIS OF CLASSROOM DISCOURSE USING THE INSTRUMENT 


To make a final check on the efficiency of the instru- 
ment and to demonstrate its intended use, the instrument was 
applied to the B series of lessons. The procedure for using 
the instrument is described in the Appendix. The results 
of the analysis are reported in Chapter VI and a suggested 
form for reporting the results is also given in the 


Appendix. 
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CHAPTER VI 
THE RESULTS OF THE STUDY 


I. INTRODUCTION 


This chapter is a report on the decisions made by the 
investigator in each of the stages passed through during the 
process of developing the instrument. The report describes 
the alternatives considered and the reasons for the ultimate 
choices made. The investigator considered this information 
too important to be lost and hopes that its inclusion will 
give the reader a better understanding of the final format 
of the instrument. It is also the hope of the investigator 
that such information will encourage further attempts to 
deal with the same issue and will provide valuable guidance 
to such further investigation. The chapter also includes 
the results of the analysis of a series of lessons using the 


instrument. 
II. REQUIREMENTS OF THE UNITS 


To serve as a guide in the selection of a suitable 
unit, the following characteristics were considered and the 
requirements for each delineated: 

1. Size. The unit had to be small enough so that at 
most one element of intuitive thinking would occur in 
it, but large enough so that an element of intuitive 


thinking could be recognized when present. Since the 
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elements of intuitive thinking describe thought processes, 
we were concerned here with having units which expressed, 
in a general sense, a "complete thought." 

2. Boundaries. The boundaries of the unit had to be of 
Such a shape that an element of intuitive thinking 

would occur completely within the unit, that is, an ele- 
ment of intuitive thinking should not be forced to 
"straddle" two units. 

3. Focus. When a whole is broken up into parts, what is 
seen in the parts depends on the parts chosen. For 
example, when one is studying an essay and concentrating 
on the paragraphs, the focus would be on the ideas 
expressed in the essay. When the concentration shifts 

to the sentences, the focus shifts to matters of struc- 
ture, style, grammar, etc. In making the choice of a 
unit for the purpose of this study, it was considered 
desirable to have a unit which would focus on, and even 
accentuate the thinking of the students and teacher. 

4, Exhaustiveness. Since the instrument was to be valid 
in making comparisons from classroom to classroom and the 
length of the verbal discourses varied from classroom to 
classroom, the total verbal discourse had to be broken 

up into units. In this way a proportion of "intuitive 
units" to total units could be worked out for each class- 
room. Also, the units were required to be discrete 


rather than continuous. 
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5. Reliability. The units had to be identifiable in 
transcripts with a reasonable degree of reliability 
after a brief period of training in the use of the 
criteria. Use could not be made of audible or visual 
cues in helping to identify the units. A kind of unit 


was required that, ideally, would permit any analyst, 


trained to use the criteria, to identify the same units 
in any given transcript that any other analyst, equally 
trained, would find independently in the same transcript. 
6. Neutrality. The unit had to be neutral with respect 
to teacher and grade level. Neutrality with repect to 
subject matter was not considered a necessary require- 
ment, that is, the unit might be one which is appropriate 


to mathematics only. 
III. CHOICE OF THE UNIT 


Several units were considered before selecting the 
final one. Broadly speaking, in selecting a unit one has a 
choice between a time unit and a thought or natural unit. + 
Time units could have been selected to meet some of the re- 
Quirements, for example, the requirement of reliability. 
However, in attempting to meet the requirements of bound- 


aries the problem of elements of intuitive thinking 


lHeynes, Roger W. and Ronald Lippit, "Systematic 
Observation Techniques," Handbook of Social Psychology, 
Gardner Lindzey, editor (Cambridge, Mass.: Addison-Wesley, 
1954), Pp. 375. 
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straddling two consecutive units could not be eliminated. 
This handicap of the time unit was considered serious enough 
to be a cause for its rejection. This then meant that our 
unit would have to be a thought or natural unit. 

Several possible units developed by other investigators 
were considered. Consideration was first given to the use of 
the episode and monologue breakdown developed by Smith and his 
associates and described in Chapter IV. The most serious dif- 
ficulty encountered here was that of identifying episodes, 
that is, reliability. It was confusing to apply the criteria 
for distinguishing between a new aspect of the same topic and 
a clarification or amplification of the same point in the 
topic. Though Smith reported a reasonable degree of relia- 
bility, the nature of mathematics lessons makes it particu- 
larly troublesome. It was repeatedly found that teachers 
would branch out from topics and then return to the former 
discussion when they were dealing with sample problems. It 
was difficult to decide whether those branches were aspects 
of the main topic or not. If the solution were to take the 
whole discussion on a sample problem as the episode, then the 
unit becomes too large to be useful for purposes of this study. 
No other solution to the problem seemed promising. 

Coombs, under the direction of Smith, developed a much 
larger unit which he called the strategy. This at first 
seemed to be a promising unit from the point of view of its 


definition: "the patterns of activities relevant to disclosing 
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content element." The difficulty with this unit was practi- 
cally the same as that with the episode. Strategies were 
thought of by Coombs as occurring in a further unit which 
he called a venture. "A venture is a unit of discourse 
consisting of a set of utterances dealing with a single topic 
and having a single over-arching objective."3 The habit of 
mathematics teachers using sample problems to develop topics 
and using these as an occasion to make numerous "points" 
made it difficult to decide on a "single over-arching content 
objective." Again the requirement of reliability was not met. 

The other unit considered and the one chosen for this 
study was Kliebard's "teaching cycle." This unit depends on 
four more basic units (pedagogical moves) developed by 
Bellack:4 structuring, soliciting, responding, reacting. 

For purposes of the teaching cycle, structuring and solici- 
ting are considered to be initiatory moves and responding 
and reacting are reflexive moves. A teaching cylce as defined 


by Kliebard and as used as a unit of verbal discourse in this 


2Coombs, Jerrold Rex., "Teaching Strategies and the 
Teaching of Concepts," (Unpublished doctoral dissertation, 
University of Illinois, 1964), pp. 4-5. 
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4Bellack, Arno A, in collaboration with RonaldT. Hyman, 
Frank L. Smith, Jr., and Herbert M. Kliebard. The Language 
of the Classroom: Meanings Communicated in High School Teach- 
ing, Phase Two (U.S. Office of Health, Welfare, and Education, 
Cooperative Research Project No. 2023, New York: Columbia 
University, 1965). 
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study "is a unit of classroom [verbal] discourse which is 
initiated by a structuring move or a solicitation which is 
not preceded by a structuring and ending with the move that 
precedes a new structuring or a new unstructured solicita- 
tion."2 Kliebard gives the following purpose for developing 
the teaching cycle; 

The teaching cycle is an attempt to conceptualize 
that larger unit of classroom discourse that seems to 

be inaugurated by Structuring and Soliciting Moves. 

It is an effort to see several Pedagogical Moves in 

combination in the hope that these patterns of Moves 

Will provide a fruitful and reliable way of describing 

the ebb and flow of classroom discourse. 

To meet different needs several adaptations to the basic 
definition of Kliebard's teaching cycle were later developed 
by Bellack and associates.’ Two of these seemed particularly 
appropriate to the purposes of this study. The first of 
these is the so-called "nodding solicitation." This refers 
to a type of solicitation made by classroom teachers in 
which they "give the nod" to the student before he may speak. 
This is often accomplished by calling the student's name, 
for example, "Mary?" Technically, this would initiate a new 


teaching cycle when it follows any other move than a struc- 


turing move, but for purposes of this study, such a move was 


SKliebard, Herbert Martin, "Teaching Cycles: A Study 
of the Pattern and Flow of Classroom Discourse" (Unpublished 
doctoral dissertation, Columbia University, 1963), p. 23. 

6tpid., p. 15 


7Bellack, op. cit., Chapter 6. 
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incorporated into the teaching cycle initiated by the im- 
mediately preceding initiatory move. 

The second adaptation deals with the situations where 
a repetition of an utterance or a part of an utterance is 
solicited. Again such a move would technically inaugurate 
a new teaching cycle, but for purposes of this study was 
incorporated into the teaching cycle initiated by the im- 
mediateiy preceding initiatory move. 

In summary, the concept of teaching cycle as proposed 
for purposes of the instrument of this study is a portion 
of verbal discourse which begins with a structuring move or 
an unstructured solicitation and ends with the move immediately 
preceding a structured move or unstructured solicitation, 
except in cases of a (1) "nodding" solicitation and (2) a 
solicitation for repetition of an utterance or parts of an 
utterance, in which cases these solicitations are incorporated 


into the teaching cycle begun prior to this move. 
IV. UNIT IDENTIFICATION CRITERIA 


Since the unit chosen was one developed by another 
investigator, the criteria presented here have been largely 
adopted from Kliebard and Bellack, with minor modifications 
to make the unit more suitable for this study. The process 
of identifying teaching cycles requires two steps. The first 
step involves identifying the pedagogical moves as developed 


by Bellack and the second one involves a mechanical grouping 
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70 
of the moves into teaching cycles. 
| Bellack's criteria for identifying the four pedagogi- 
cal moves are as follows: 


Pedagogical Moves. Pedagogical moves, the basic units 
of classroom discourse, describe the verbal activities 
of teachers and pupils in the classroom. There are four 
basic types of moves which characterize the verbal inter- 
play of teachers and pupils: structuring and soliciting, 
Which are initiatory moves; and responding and reacting, 
which are reflexive moves. 

1.1. Structuring (STR) 

Structuring moves serve the function of setting the 
context for subsequent behavior by (1) launching or 
halting-excluding interaction between pupils and teachers, 
and (2) indicating the nature of the interaction in terms 
of the dimensions of time, agent, activity, topic and 
cognitive process, regulations, reasons, and instruc- 
tional aids. Structuring moves may set the context for 
the entire classroom game and/or for one or more sub- 
games. As initiatory maneuvers, structuring moves are 
not called out by anything in the immediate classroom 
Situation except the speaker's concept of what should 
be said or taught. 

Examples 

T/STR Last night I was sitting out on the porch try- 
ing to cool off and also trying to ask myself 
how to best begin this unit on international 
economics, international trade, world trade, or 
whatever else one wants to call it. And after 
thinking over a number of approaches, I wrote 
down on a paper a number of items that are 
connected with our story. Some of them are 
found in your pamphlet. 

T/STR All right, getting down to it now, I think 
international trade, then, or international 
economic relations, whatever you want to call 
it, is a field of study within economics which 
in many cases has been unfortunately divorced 
from domestic trade because there are great 
similarities, and also there are some rather 
distinct differences. 


1.2,.Soliciting (SOL) 

Moves in this category are intended to elicit (a) ar 
active verbal response on the part of the persons ad- 
dressed; (b) a cognitive response, for example, encourag- 
ing persons addressed to attend to something; or (c) a 
physical response. 

Soliciting moves are clearly directive in intent and 
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function and are crucial in any active classroom inter- 
change between teachers and pupils. Although these 
moves take all grammatical forms--declarative, inter- 
rogative, and imperative--the interrogative occurs most 
frequently. 


Examples 

T/SOL What are the factors of production? 

P/SOL May we keep our books open? 

T/SOL Turn the lights out, Bobby! 

T/SOL Pay attention to this. 

1.3 Responding (RES) 

Responding moves bear a reciprocal relationship to 
soliciting moves and occur only in relation to them. 
This pedagogical function is to fulfill the expectations 
of soliciting moves and are, therefore, reflexive in 
nature. Since solicitations and responses are defined 
in terms of each other, there can be no solicitation 
that is not intended to elicit a response, and no response 
that has not been directly elicited by a solicitation. 


Examples 
T/SOL What are the factors of production? 


P/RES Land, labor, and capital. 

T/SOL Why didn't you do the assignment? 

P/RES I was absent yesterday. 

T/SOL What is exchange control? 

P/RES I don't know. 

1.4 Reacting (REA) 

These moves are occasioned by a structuring, soliciting, 
responding, or another reacting move, but are not directly 
elicited by them. Their pedagogical function is to rate 
(positively or negatively) and/or to modify (by clarify- 
ing, synthesizing or expanding) what was said in the move 
(s) that occasioned them. Reacting moves differ from re- 
Sponding moves, in that while a responding move is always 
directly elicited by a solicitation, preceding moves 
serve only as the occasion for reactions. For example, 
rating by a teacher of a student's response is designated 
a reacting move; that is, the student's response is the 
occasion for the teacher's evaluative reaction, but it 
does not actively elicit it. 


Example 

T/REA That's partly it. 

P/REA But he left out the most important part. 

T/REA Good. It limits specifically the number of 
items of one type or another which can come into 
this country. For example, we might decide that 

no more than one thousand of German Automobiles will 
be imported in any one calendar year. This is a 
specific quota which the government checks. 


Skliebard, op. cit., pp. 194-196. 
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To facilitate the final identification of the teaching 
cycle units, one modification was made. The "nodding" so- 
licitation and the "repeating" solicitation were coded NOD 
SOL and REPEAT SOL, respectively. This was done so as to 
identify those solicitations which were definitely not to be 
considered as initiatory moves. For example, we would have 
the following units coded thus: 

SOL/T Is 91 divisible by any of these factors: 2,3,5? 
NOD SOL/T Doug? 

REPEAT SOL/T Would you speak up please. 

REPEAT SOL/T Pardon me, please. 

The criteria, developed by Kliebard, for identifying 
teaching cycles were found to be a mechanical triviality 
after the pedagogical moves had been identified. They were 
inherent in the definition of teaching cycle presented earlier 
and required the identification of structuring moves or un- 
structured soliciting moves to indicate both the beginning of 
a new unit and the ending of the previous one. The mechanical 
prgocedure used was to draw vertical square brackets from the 
first structuring move or unstructured soliciting move to the 
move preceding the next structuring move or unstructured 
soliciting move. For example; 

SOL/T Why? 
RES/S A 2 won't go into it. 
REA/T 2 won't go into 111. 
OL?T Why? 
SOL/T This fraction then reduces to? 
NOD SOL/T Graham? 
RES/S 2/3 
REPEAT SOL/T Speak up,Graham. 


RES/S 2/3 
REA/T 2/3, right. 
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74 over bis BE 
A complete bracket identified a single teaching cycle unit, in 


this study referred to as a single unit of verbal discourse. 
V. RELIABILITY OF UNIT IDENTIFICATION CRITERIA 


A summary of the results of applying the unit identifi- 
cation criteria to the transcriptions of the A series by two 


independent judges and their resulting reliability coeffici- 


ents is given in Table I. (The formula used is discussed in 
Chapter V.) 
TABLE I 
RELIABILITY OF THE UNIT IDENTIFICATION 
CRITERIA 
Total no. Total no. Relia- 
Pages of of units of units No. of bility 
CLASS trans- identified identified agree- coef- 
criptions by Judge 1 by Judge 2 ments ficient 
IX-1i be ee 6 ig te wd Yi1 81 
VIII-i 1s 89 93 42 AS 
VIII-2 10.5 76 79 N6 56 
VI-1 be asin 130 92 67 (52 
VI-2 10 83 80 64 a7? 
V-1 B..5 69 69 45 » 65 


Total 75.5 584 550 375 . 64 
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VI. REQUIREMENTS OF THE CATEGORIES 


In setting out the minimum requirements of the cate- 
gories, the intended use of the instrument and the ideal 
characteristics of instruments for systematic observation as 
conceived by Medley and Mitzel? served as guide-posts. The 
following requirements of the categories were established: 

1. The categories could not overlap, but were to be 
discrete. That is, one category was required to define 
behavior which was distinguishable from the behavior 
defined by another category. 

2. There was to be a category into which each unit of a 
verbal discourse could be classified. This meant that an 
"other" category was required to take care of all non- 
intuitive thinking units and enough categories so that 
each unit containing an element of intuitive thinking 
could be placed into a category. 

3. Those categories defining elements of intuitive think- 
ing were required to represent a positive, singular, 
present tense occurrence of the behavior. 

4, The categories were to represent behavior which was 
observable and which was definable in simple, concrete 


terms. 


9Medley, D.M. and H.E. Mitzel, "Measuring Classroom 
Behavior by Systematic Observation," Handbook of Research 
on Teaching, N.L. Gage, editor (Chicago: Rand McNally, 
1963). 
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VII. DEVELOPING THE CATEGORIES 


‘The following categories were selected on the basis 
of the requirements set forth in the preceding section and 
on the basis of the list of elements of intuitive thinking 
selected and defined in Chapter II; 

Category 1. Symmetry (SYM) 


Category 2. Analogy (ANA) 


Category 3. Similarity (SIM) 

Category 4. Generalization (GEN) 
Category 5. Experimentation (EXP) 
Category 6. Manipulation (MAN) 

Category 7. Skipping Steps (SKI) 
Category 8. Preverbalization (PRE) 
Category 9. Solution visualization (SOL) 


Category 10. Informal proof (INF) 

Category 11. Other (OTH) 
The reasons for selecting these particular categories have 
already been presented in the last section of Chapter II 


dealing with the behavioral definition of intuitive thinking. 


VIII. THE PART OF THE UNIT TO BE USED IN CLASSIFYING UNITS 


It is the function of the initiatory moves to determine 
the direction of thought for the whole unit. The only other 
moves which could sustain a unit are the responding and re- 
acting moves and both are dependent, directly or indirectly, 


on the initiatory moves, as can be seen by an examination of 
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76 
their definitions. On the basis of trial and error attempts 
at classification and the fact that some units may only 
consist of a single initiatory move, the part of the unit 
chosen to be used in classifying the units was the initi- 
atory move, that is, a structuring move or an unstructured 
solicitation. However, it was sometimesnecessary to refer 
to the following moves to determine the intent of the 


initiatory move. 
IX. UNIT CLASSIFICATION CRITERIA 


This particular stage in the development proved to be 
the most difficult and, at the same time, the most unpro- 
ductive. The original criteria were prepared directly from 
a consideration of the definition of the categories (as 
already reported in Chapter II). The conferences with the 
judges after the preliminary classification attempts were 
unproductive as far as adding criteria beyond those directly 
implied by the definition. It was discovered that most dif- 
ferences were easily reconciled after reasons were verbally 
given for the particular classification. This suggests that 
teams of at least two judges each may have produced more 
Significant results. 

In most cases, the discussions pointed out inadequacies 
in the judges' understanding of the categories. This led to 


the inclusion of practice units in the final instrument .10 


10see the Appendix. 
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The following are the final definitions and criteria 
accepted for the categories;:11 
1. Symmetry is the property of a mathematical problem 
Which shows that one or more of the following exist in 
the problem: parts may be interchanged, there may be 
repeating patterns, or there may be a correspondence 
between different parts of the problem. 
Criteria: 
a) Attention is drawn to the pattern in a structure 
or problem. 
b) Attention is drawn to the parts which may be 
interchanged. 
c) Parts of formal proofs where the phrase "simi- 
larly this can be proved" are classified as symmetry. 
2. Analogy is a procedure in which a comparison between 
a mathematics problem or structure and a physical enedi- 
ment or illustration is made. 
Criteria: 
a) An embodiment of a mathematical structure in 
concrete, structured or physical materials is made. 
b) An embodiment of a mathematics structure ina 
Dienes' type of mathematical story is made. 
c) An embodiment of a mathematical structure in 


a Dienes' type of mathematical game is made. 


lligxamples illustrating each of the categories 
are given in the Appendix. 
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d) A physical illustration of an abstract concept 

is given. 
3. Similarity is a procedure in which a comparison is 
made between two mathematics structures or mathematics 
problems, or parts thereof, having elements in common 
for the purpose of enlightiment of the present problem 


or structure. 


Criteria: 
a) Recall of a similar or identical problem and 
procedures used there is requested or given. 
b) Recall of a similar mathematical structure and 
the techniques associated with that structure is 
made. 
c) Straight recall for the purpose of review is 
not included. 


d) Recall for the purpose of emphasizing contrasts 


and differences to a present situation are included. 


4, Generalization is the procedure of examining specific 


facts, examples or cases and seeking generalizations of 


principles and techniques. 

Criteria: 
a) Studying a specific case and finding a general 
rule. 
b) Studying a specific relationship and discovering 
a general proof. 


5. Experimentation is the serious ‘trcping"for or 
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trying out of a plausible answer or procedure. 


Criteria: 


6. 


a) Calling for guesses or approximations to the 
solution. 

b) Serious student responses with a large degree 
of uncertainty are given. 


Manipulation is the activity of manipulating or 


otherwise examining the observable characteristics of 


the information given with the view to becoming 


acquainted with the elements of the problem and under- 


Standing their meaning, implications and relationships. 


There is a concentration on the given information rather 


than on possible solutions. 


Criteria: 


7° 


a) Examining the inter-relationships among the 
various elements or parts of a mathematical 
structure. 

b) Comparing the various characteristics of the 
elements of a problem or structure. 

c) Familiarizing the participants with the elements 
of the problem with complete disregard for the 
relevance to the solution. 

ad) It is not a maneuvering of the elements in 

order to gain a solution. 


Skipping steps is a procedure for solving a problem 


or conceptualizing a mathematical structure in which 
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80 
many of the steps of the argument expected at a certain 
level of understanding are apparently omitted. 

Criteria: 
a) Omitting logical steps in the solution of a 
problem or in conceptualizing a mathematical 
Structure. 
b) The cue as to whether or not steps have been 
omitted for a certain level of understanding is 
often found in the following units. 
8. Pre-verbalization is the use of concepts, principles, 
or rules without verbalizing them. 
Criteria: 
a) Rules are used without stating them in words. 
b) A concept or principle is used without the user 
being conscious or aware of its use. 
c) The user expresses certainty regarding the concept, 
but expresses ignorance as to why or how it is true. 
9. Solution visualization is a pre-occupation with the 
nature of the solution or finished structure for the 
purpose of delimiting the possible magnitude, shape, 
position, or other characteristics of the solution or 
structure. 
Criteria; 
a) Some characteristics of the finished structure 
or solution are delineated. 


b) An actual solution or finished structure is not 
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necessarily designated. 


_¢) When an actual solution is designated, the 


emphasis is on its characteristics. 

ad) Parameters of the solution are outlined. 

e) Solution visualization is to the solution what 
manipulation is to the given information. 


Informal proof is a procedure whereby visual or 


"inductive" arguments which are satisfying to the 


student are substituted for a formal proof. 


Criteria: 


a) A visual proof, such as a picture, is cited. 

b) An example is given to show the validity of 

a rule, concept, etc. 

c) A series of special cases or examples or illus- 
trations are given to exemplify the validity of 


generalization. 
RELIABILITY OF THE UNIT CLASSIFICATION CRITERIA 


A summary of the results of applying the unit classi- 


fication criteria to the transcriptions of the B series by 


two judges is given in Table II. The table shows the number 


of units in each lesson placed in each of the categories and 


the reliability (inter-judge agreement) of each of the 


categories and the mean reliability. (The formula used is 


given in Chapter V.) 


£8 


aD 

Ia 

edt ,fetsantasbh af, years: 
b- an 


-cofveles ata 
.Beatidvo e1s notte I 
tedw noftuloe edt of st got 


-notdemro tad nev 


.betto et ,emtotg s a8 Nove ,toorq feustv A hm 
‘to ytibiiev edt wode ot sevig at efqmexe aA (d ~) 
ote (Meono ,elut s 
-auilt 10 eelqmaxe to eeeso Istoeqe to asites A (a 
to ytibiiev edt yttiqmexe ot rnevig, exe amottent 


vieemmmetiiinin dike ni 
bus eetsoyetian ent to dose ot S99 
edt to done to (tcemeeny 


82 


°g ezspne Aq ATOBeyeo yoee ut peo3std sytun JO "ON 
°~T eBpne Aq AATOZ94eO Yoes UT peoetd satun JO 'ON,, 


G°OT Ged G°OT G°EtT S°OT TT G°9 GS°9T y4dtazosuerzy 
JO soxzeg 
26 ey 06 tT 68 Lt TE 06 peTtstquept 
s4yun jo 
°OU [BIO] 
LT° 6€ OET Sut caeSe “Oc ZT BT DE ZTekht~ of 62 st Ht Se 2d OT nT Tea oL 
Ge ° d TT tT 0 0 t. 0° + 6° @0--T t, 08 \&@ @ <08 GO wees ANT 
9T° C uy CO Om OS 0°. SSC Leelee SS a O08 OC 0 O Tos 
- ) 0 OW}, O20} © DO Of GB #¥O*0 £0 O 0 © Oo 0.2071 O aud 
Gd° T | tet 2° 0° T § 30980 SO oO 0 © Of 02 BO} O IMs 
A is OT Ge a0" 2 Ta? oe 6) 6 ET BS ete te. 8t w@ @ SHO Hr! € NVW 
ps Z eb 6 OMOL TT O- Ff O20." t .0] 2s a - On.G = ST 2 dX 
Si 4 9 CP rte | 0 0-0 8° OMC™SS <9 0 GO Of 0 0 O NaD 
ie S te 6m SRlh te 2c Usb St et oomi= “2- ae O8-t 0 WIS 
20° Z St ST OT (Osetra a 0 =O WO eT tT wH oad 0 0 VNV 
€g° S 9 «OS O80 0= oF One 0 20 OO Tt we OFT G € WAS 
Zn Tp ea Te Zi Tn. Sp Th Sp tp Sp bp Sp Tp Z a Te 4° ke eee 
840 ~ j= - > -I- - ~ = 
sayita ©) 2p pue Tp Te40L AL) *Z-AI* T-AE [2-LIIs T TA X g-x ¥-X 
-6 3 U2S9M99 
‘Be siyomesaae ssv‘I0 


jo zequmyn 


VIWHLIYO NOILVOIAISSVIO ZINA dO ALITIGVITHY 
II HIdVL 


$8 


“TS 
3 
Fe 
Se 


AIO eV) BOUT 


x 


Fm, 


ae 


t1¥ Oh 4 Ovorere 
ad QO hmh 


SS T¥2 130 


a 
y OMorROrMOO 
Sd % , tr 
sshaninadiiielt eaiialaedeted i 
mw 
Shi ce, | hrOOWVroto°o 
OOO OCOAr Ow OO. 
1 7s 
‘ae tOOrDO00+O 
ae na ag 
| HWSO’ oe O-8° 
fu 
- omMmMooroomoso 
m & ‘es 
ad 


ere ecoomrmonmdcso 


rrOoohhivy4Iao 


SISOSOHEHO 


MQ BOM tH 


- ; to Be 4 
> ; ' OR PREAStRS 
@ i. 
4 ee ae ae 
ithe aa 40 : 
™ cocoomonmn| 
: ‘Ky ? . ewe 
aw 


RO 


an 


, mTee byeceg Ju evey Gerefoxd pl anGBe J" 
30 


ee 4 


rs 


wht ita # 


nay 
a 


OL migpe byeceg TU voy ewpeforh pd ingée s: 
= L-2i¢ 7S sd re Ie ST BTS SO Se 


oe. — 
ao” — 
Sy a 

- 


XII. RESULTS OF THE CLASSROOM ANALYSIS 


A summary of the results of applying the instrument 


to the lessons of the B series is given in Table III. 


TABLE III 


CLASSIFICATION OF THE UNITS OF THE B 
SERIES LESSONS BY CATEGORIES 


Class— Total No. 
room of Units SYM ANA SIM GEN EXP MAN SKI PRE SOL INF 
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Table IV shows the "intuitive ratio" for each class- 
room. The "intuitive ratio" is the ratio of total number of 
units placed in a category to the total number of units 


identified in the lessons. 


TABLE IV 
INTUITIVE RATIO BY CLASSROOM 


Class- Total No. No. of Intuitive 
room of Units Intuitive Units Ratio 
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On the basis of these results, Classroom X and Class- 
room VIII would each receive equivalent ranks. That is, 
both Classroom X and Classroom VIII use intuitive thinking 
to the same extent. Classroom IV would receive a higher 
rank, indicating that intuitive thinking is used to a larger 
extent in this classroom than was the case in the other two 
classrooms. 

In the particular lessons used in this study, symmetry 
was used exclusively at the Grade X level whereas analogy 
was used most frequently at the Grade IV level. Manipulation 
was noticeably more common in Grade VIII and Grade IV than at 
the Grade X level. The other elements of intuitive thinking 
showed no significant trends. 

Symmetry had the best inter-judge agreement, the 
reliability coefficient being .83. Skipping steps had a 
reliability coefficient of .75. However, one judge used this 
category only once, while the other used it four times. The 
informal proof and generalization categories had reliability 
coefficients of .39 and .33, respectively. All other cate- 
gories had reliability coefficients below the .20 level. 
These low levels are, in part, attributable to inadequate 


training of the judges. 
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CHAPTER VII 


CONCLUSIONS AND IMPLICATIONS 


I. INTRODUCTION 


This chapter includes some general observations and 
a discussion of problems associated with the present instru- 
ment. Possible uses of the instrument are enumerated and 
implications for classroom teachers and for future research 


are identified. 


II. CONCLUSIONS 


The theoretical role of intuitive thinking, as 
presented in Chapter II and III, has demonstrated that 
intuitive thinking can be integrated into established the- 
ories of mathematics learning. The role of intuitive think- 
ing has been presented as complementing analytic thinking. 
Its chief function was described as being that of alleviat- 
ing the poverty of mathematical imagery in most children's 
minds. It was pointed out that employing intuitive thinking 
gives the learner a wide range of meaningful mathematical 
imagery so necessary in the early stages of concept develop- 
ment. 

The instrument developed consisted of two parts. The 
transcripts of lessons were broken down into the four moves 
of Bellack: structuring, soliciting, responding, and reacting. 


These were then grouped into Kliebard's teaching cycle. 
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86 
These units were then classified as being one of the follow- 
ing elements of intuitive thinking: symmetry, analogy, 
Similarity, generalization, experimentation, manipulation, 
skipping steps, preverbalization, solution visualization, 
Or informal proof. If a unit did not meet the criteria of 
one of these categories, it was classified as non-intuitive. 

There was a low incidence of elements of intuitive 
thinking in the lessons used in this study. In an analysis 
of 628 units, only 145 were classified as intuitive by one 
judge and 130 by another judge. The more significant obser- 
vation, however, was that not a single unit of preverbali- 
Zation was identified by either judge. Only one unit of 
skipping steps was identified by one judge and four units 
by the other judge. 

In spite of the somewhat limited success of the 
present study, the investigator feels the exercise was use- 
ful in that a definite step has been taken towards develop- 
ing a more concrete understanding of intuitive thinking and 


its relationship to effective mathematics teaching. 
III. GENERAL OBSERVATIONS 


Although the major purpose of the study was to 
develop the instrument, the investigator was also able to 
make several interesting observations during this process. 
One of these observations was that of the ten elements of 


intuitive thinking, no more than six were found in one 
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87 
lesson, and often two or three would predominate in the 
lesson. 

There was very little occurrence of the element 
"skipping steps" and a complete absence of the element "pre- 
verbalization." The reason for this could be that the 
criteria for detecting these are inadequate or that they are 
of such a nature that they are hidden in the lesson. Or, 
perhaps, teachers are simply not making use of these elements. 
In fact, the investigator was constantly frustrated by the 
Scarcity of all of the elements of intuitive thinking in the 
lessons used. It is the opinion of this investigator that 
the teachers dealt with in this study were either completely 
unaware of the concept of preverbalization or else considered 
it completely inappropriate as a teaching technique. As well, 
the elements "symmetry" and "solution visualization" rarely 
occurred in the lessons. In no cases did the investigator 
feel he was in contact with a lesson which exhibited a sig- 
nificant emphasis on an intuitive approach. 

At the same time, the investigator found that several 
writers on the subject of teaching methodology considered 
the use of an intuitive approach essential for an adequate 
understanding of mathematical concepts. Dienes, Bruner and 
Evans are very emphatic on this point. Others dealt with 
specific elements of intuitive thinking. Gertrude Hendrix, 
for example, is an ardent proponent of the use of preverbali- 


zation. Polya stresses the use of skipping steps, analogy, 
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generalization, informal proof and experimentation. 
“IV. SOME PROBLEMS WITH THE PRESENT INSTRUMENT 


One of the problems encountered during the analysis 
of the B series lessons had to do with the size of the unit. 
The unit had originally been worked out on arithmetic and 
algebra lessons. The grade X lessons of the B series were 
@ sequence of geometry lessons. These proved to be more dif- 
ficult to classify. In many cases the unit appeared to be too 
large because often more than one element of intuitive think- 
ing was present in each unit. However, the problem may not 
be with the size of unit, but with the criteria which had 
been developed on lessons with no geometry content. 

A second problem with the instrument is its low relia- 
bility (inter-judge agreement) in the unit classification 
phase. This, of course, limits the reliability of the instru- 
ment as a whole. However, since the purpose of the instru- 
ment is to rank-order classrooms, and not to identify 
specific elements of intuitive thinking, a true measure of 
the reliability of the instrument would have to compare the 
rank-orders of several classrooms achieved by a number of 
different judges. The reliability of the instrument might 
improve when considered from this point of view. 

Another consideration with respect to the reliability 
of the classification criteria has to do with the training 


of the judges. During the developmental phase of determin- 
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89 
ing the criteria, differences in classification were usually 
resolved readily when the judges explained their reasons for 
a certain classification. The same thing was evident in the 
determination of the reliability of the criteria. In one 
particular case--that of manipulation--it was discovered 
that there was a major difference in the understanding of 
what was meant by the criteria. It is evident that the train- 
ing of the judges was inadequate. 

One aspect of the instrument which causes an incon- 
venience is the time required to analyze lessons. To analyze 
a forty minute lesson would require an estimated time of one 
and one-half to two hours. However, since much of this time 
is listening and reading time, it does not seem possible to 
Significantly reduce this time. Secretarial help can be used 
for one hour of that time, namely, for transcribing the 


lessons. 
We IMPLICATIONS FOR TEACHERS 


If some of the general observations made about the 
lessons used in this study can be generalized and if the 
theoreticians are right (at least some of them have experi- 
mental evidence to back them up, namely Dienes and Hendrix), 
teachers will need to take note of these elements of intui- 
tive thinking if they wish to improve the quality of mathe- 
matics teaching. On the basis of the review of the litera- 


ture, the investigator is convinced that there is much value 
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in the use of an intuitive approach at all levels of school 
mathematics teaching. 

The instrument could provide teachers with useful feed- 
back on the kinds of things they are actually doing in their 
classrooms. The teacher could identify the particular kinds 
of intuitive elements she uses extensively and those she 
uses only occasionally, or not at all. Such information 
could assist teachers in making certain adjustments in 


teaching methods. 
VI. IMPLICATIONS FOR FUTURE RESEARCH 


The original stimulus for the present study came from 
an attempt to determine the present status of an intuitive 
approach in mathematics classrooms. However, no instrument 
related to intuitive thinking was available for making such 
measurements. This instrument could now be used to determine 
the present status of an intuitive approach. 

The instrument could be useful in determining the 
extent to which training can influence a teacher's use of an 
intuitive approach. It would also be a means of determining 
the relationship between an intuitive approach and student 
learning. 

It could be used to determine if certain elements 
of intuitive thinking are more frequently used at certain 
grade levels than at others and whether or not certain 


teachers make use of specific elements more than other 
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teachers. 

This an exploratory study. Similar studies are 
urgently needed for comparative purposes. Independent 
research must be continued to further define what is meant 
by an intuitive approach. Are there some elements included 
in this study which are not of an intuitive nature? Have 
other elements been omitted which should have been included? 
Is the theoretical basis presented here sound? 

The modest success of the present study demonstrates 
that the concept of intuition can be dealt with concretely 
and quantitatively. Certain problems with the methodology 
of this study need to be corrected. The present investigator 
discovered that the lessons used did not have a sufficient 
number of units illustrating each of the categories on the 
instrument. There was insufficient experience material to 
construct adequate criteria for classifying units. This 
often led to the temptation to change the definition of a 
category to something for which examples were available. It 
is felt that the development of the instrument would have 
been more successful had the teachers been given specific 
instructions to incorporate some of the elements of intuitive 
thinking into their lessons. 

The procedure used for developing the instrument in 
this study was effective. By using data that has more ele- 
ments of intuitive thinking, more precise statements of the 


criteria for classifying the units could be obtained by using 
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92 
the same procedure. 

As already indicated, the size of the unit selected 
for the instrument was not entirely satisfactory. Also, 
the identification of the unit requires a considerable frac- 
tion of the total time needed to make the measurement. Are 
there other units available which could be used with the 
categories of the present instrument? 

The categories should be studied in conjunction with 
actual data to see if some of them occur together. Can 
they perhaps be dimensionalized? Does a high frequency of 
a particular category always accompany a low frequency of 
another category? 

The complete absence of preverbalization in the 
lessons analyzed in this study prompts several questions. 
Are teachers aware of the concept? Is preverbalization 
quantifiable and observable? Can it occur side by side with 


other elements of intuitive thinking? 
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THE INSTRUMENT 


‘The purpose of this section is to present suggestions 
on how to learn to use the instrument and how to record 
results obtained with the instrument. 

By intuitive approach is meant a teaching approach in 
Which the use of intuitive thinking is encouraged. Intuitive 
thinking is used as it was defined on page 32 of Chapter II. 
This instrument has been developed in conjunction with 
Studies of mathematics lessons and its categories are not 
intended to be descriptive of other school subject areas. 

For this reason it is also essential that the user of this 
instrument be acquainted with the mathematical concepts being 
developed in the lessons he is analyzing. 

The instrument's use also requires the user to commit 
to memory various criteria. To aid the prospective user, 
practice materials with keysare included in following sections 
of this Appendix. 

The purpose of the instrument is to rank-order class- 
rooms on the basis of the extent to which they make use of 
intuitive thinking during a mathematics teaching-learning 
Situation. The measurement points out variations from class- 
room to classroom; it does not give a measure of the "amount" 


of intuitive thinking engaged in by members of the classroom. 
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A Suggested Procedure to be Followed in the Use 
of the Instrument 

1. Tape the classroom lessons. With the use of a 
tape recorder equipped with a device to feed in several micro- 
phones, record the desired classroom lessons. Be sure to use 
a coding system for later identification of the tapes. 

2. Transcribe the lessons. With the use of a foot- 
pedal control tape recorder or a dictaphone, transcribe the 
lessons. Mark each new speaker by T (teacher) or §S (student). 
Leave a two and one-half inch margin on the left-hand side of 
the page for identifying and classifying units. Make a final 
review of the transcriptions by checking them against the 
tapes. 

3. Study the unit identification criteria. This step 
may be considered in two phases. Phase one requires a thor- 
ough study of the criteria for identifying each of the moves: 
STR, SOL, NOD SOL, REPEAT SOL, RES, and REA. These criteria 
are presented on pages 70-71 of Chapter VI. 

Phase two requires a study of the definition of the 
unit (teaching cycle). This is presented on pages 72 to 73 of 
Chapter VI. 

4, Practice unit identification. Three pages of 
transcriptions with units already identified are given on 
pages 105 to 108 of this Appendix. Study these to see how 
the moves are identified and how the units are identified. 
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moves, the names of the moves in the margin, and the use of 
the square bracket to group the moves into the units. A 
further three pages of lessons are given on pages 109 to 111 
of this Appendix. Identify the units in these lessons and 
check the results with those given on pages 112 to 114. 

5. Identify the units in your lessons. Using the 
procedure outlined in the preceding paragraph, proceed to 
identify the units in your raw data. A preliminary reading 
of the whole lesson should precede the identification of the 
units. 

6. Study the unit classification categories and their 
criteria. These are found on pages 76 to 81 of Chapter VI. 
Background reading on these categories is given on pages 23 
to 32 of Chapter II. This step in the procedure requires 
close scrutiny and careful study. Familiarity is essential so 
that the characteristics of the categories will be recognized 
in the units as they are read. 

7. Practice the unit classification. Study the examples 
of the units and their classification presented on pages 105 


to 108 of this Appendix. 
Reporting the Results 


The results for each classroom, or for a specific 
teacher can be computed as an "intuitive ratio" by enumerating 
the total number of units identified and the total number of 


these units which were classified into at least one of the 
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categories. The "intuitive ratio" is the ratio of the number 
of classified units to the total number of identified units. 
These ratios are then arranged in numerical order, thus giving 
the rank-ordering of the classrooms on the basis of the extent 
to which they made use of intuitive thinking during a mathe- 


matics teaching-learning situation. 
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EXAMPLES OF UNITS 


The following transcription is intended to illustrate 
(1) Bellack's four moves: structuring (STR), solicit- 
ing (SOL), responding (RES), reacting (REA) 
(2) the grouping of the moves into units (Kliebard's 
teaching cycle) 
(3) the mechanics of identifying the units. 
Each sduare bracket identifies one unit. 
ESOT R T In the last lesson we talked about our 
numeral system. We talked about the fact 
that it was based on tens. Now before I 
take a look at another numeral system, I 
would like us to just quickly review the 


principles that we discussed or decided 
upon as far as our numeral system is con- 


SOL cerned./ Who can tell me the first prin- 
NOO SOL ciple that we discussed?/ (name) ./ 
RES S That our numeral system has ten digits./ 
REPEAT SOL m speak up please. / 
| ORES S Our numeral system has ten digits./ 
SOL T And quickly, what are these digits?/ 
ate S tp 2ni3, th eSntOpl7, 08, 299,04 
REA 
T Alright, that's one point./ Now the second 
Fr SOL principle that we discussed./ 
RES S It's - that it's made up of tens, or--/ 
WGA T Alright, in other words, base 10./ 
SOL Third./ (name) ./ 
NOB Sok 
) FES S The place »value./ 
SOL T Can you tell me a little bit about what place 


value means as far as you are concerned?/ 


RES S Well, like if you had a number like 22, there 
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wouldn't be two two, it would be twenty - 
2 because it's - the twenty is in the ten's 
place./ 


So you are saying then, where the digit is 
placed, has some effect on the value of that 
particular number. That's good./ Our next 
pointes dady./ 


O. (mumbled) Our number system has 0./ 


Alright./ Why is this important? In terms 
of other number systems?/ 


Well, if we didn't have Os, our number system 
would only go up to 10. We couldn't have any- 
thing higher than 10./ 


Alright, there are other reasons too why the 
O is important and we haven't really delved 
into it yet./ Alright, now, what's another 
principle that is important about our little 
number system? / 


Well, it has a principle of multiplication. 
That méans you have to multiply to find out 
what the number is./ 


And finally, you might as well finish, Neil./ 


There is a principle of addition too and you 
either got to multiply or add to find out 
what the number is./ 


Now, do you agree with Neil on this point? 
He said to multiply or add, is it multiply 
or add? What is it, Darrell?/ 


Multiply and add./ 


Yes, we really have to do both./ Now, lets 
think today of a numeral system which is 
based on another base other than base ten, 
just to see whether you can apply these prin- 
ciples of the numeral system to another base. 
The base that I have selected because I 
really think it is one of the easier ones, 
although it may not be for you, is one that 
is based on five (5) rather than 10. Or let 
us think of one that has as its base 5./ Now, 
I am going to listen while you tell me what 


dor f 
- yioewt ed Divow tf ,owd owd Od” ot at 
e'nes edt of af ywoewd edt - e'dt enyeoed | 


\. 908 Le 
af tigth sd ered, rads aniyse eta # 
tats to sulsev SAY Goi zostte emo em +4) 


jxen twO \. boos BORAT .tedmyn ~elvolsteq 
\. but \-detoq 


\.0 aed met aya lrscitia yO (hefdoep) 70 2. 2ir 


amtet al ctnadrodint etd et yaW \.tdetttaA T 
\Sametdeye istues wefito to 


ey) 


metveya redaur wo ,60 Syad t'ahifh ew ti ~flew 
-yos eved t'ablyos sW .Of ed qu 8 yin DL wow 
\ Ot madt redgtd’ gatas 


edt ydw oot enoeset tedvo eve essds .tigintiaA T 
bevieb ui feet. t’ nevet. ew boo tet tog. at oO 
nedtons e'isdw (wom dteisfa \.dey tt oot 
elitil wo dyvods taatragne ai tedd elyoloninug 
\Saéteyve wecmun 


© 


sotteotiagtitiua. to elqtoniag *« asc +! Nutew 
duo batt od ylqtelium of eved woy sasenm sadT 
\.al wedaun edt tarlw 


\.f[feu ,daint? ffew as tdginm woy ,vilemt? SaA 


yoy bas oot noitibbs to siqioning s al erent? 
guo Batt o¢ Bbhe 20 ylqlitium ot tom tentie 
\.eaf tedmea sit sedw 


fintoq aidd so [let dtitw eergs voy ob wok T 
yiqt3ium $f at ,bBe to ylqitinm oft hise of 
\sflermed .tf ef tatW chbs 40 


\. Sie fos yigitinm e 


atel , wow. \.eitiod ‘ob ot eves yileet ew ,seY T . 
pt doefdw medeys [eremua e to yebos aio tthe 
cet eded osid 1édto easd tentons co heaed 
-atng eeedt ak pete ye yoy tetteiw see ot taut 
. oabd bag > i eye [weremun edit to aeelqto 


I eevecad abl eves I tant ee 
aso sae ot eno al ct one yil 
te82 eno rye >" tea tos yam tt at 
$9£ 20) 302 oe at ‘vit so ae 
wow Nw | ea0 to dnint 


dade om Lies : mor a alt of salon 


RES 
REA 


Sou 
RES 
REA 
S Ol 


REA 


STR 
SOL 

NOD SoL 
es 
REA 

SOL 


NOD SOL 
RES 


SO 


RES 
REA 
BOL, 
res 
SOL 


REA 


Sol 
NOD Sd 


ep) i fp) Rie 


4 


107 


this really means to you in terms of a 
numeral system. Can you apply the prin- 
ciples we have just discussed - a numeral 
system having base 5? What does this mean 
to you first of all, Dianne?/ 


Well, it has five digits. / 
Alright,/ what would they be? / 
O¢mann sd Bhd. / 


Good./ Would a numeral system having base 5 
still have place value?/ 


Yes./ 


So we have to develop some sort of a place 
value chart./ Who can tell me, first of all, 
what the first column would be represented by? / 
Carol?/ 


lege 


That will be a 1./ Now who can tell me what 
the second column would be represented by? 
Remember we are dealing with base 5./ (name) ./ 


He / 


How many of you think it would be 4? Not one 
of you?/ 


No. lti'e 45.7 


You say it would be 5. Alright,/ why do you 
think so? / 


Well 1 times - times 5./ 


Is that what we decided when we were talking 
about the base 10 number system?/ 


Well, in the base 10 number system you have 
to divide - multiply 1 by 10 and then in the, 
and then, / 


So the second column is 10 times as big as the 
first in our base 10./ Now in the base 5 the 
second column has to be how many times as big 
as the first?/ Kim?/ 
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Tae, BT De 

REA T Alright./ Now, what will the third column 
SOL be?/ Susan?/ 

NOOo SOL 

RES Arragig/ 

SOL 

REA T How many agree with Susan on that?/ Very 
Sou good./ What about the next column?/ (name) ./ 
NODS 

Sie es S (mumbled)/ 

SOL T How many of you agree with that? Just one? 
NOO Sou Nobody?/ Darrell./ 

io S 125./ 

SOL T How did you get that?/ 

KES S Well, 125 is 5 times as big as 25./ 

REA T Very good./ And we could continue on if we 


SOL wanted to but now let us determine what the 
NOD SoL next column would be./ (name) ./ 
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UNIT IDENTIFICATION PRACTICE MATERIAL 


‘The following transcription is to be used as practice 
material in learning to identify units. A key is given on 
pages 112 to 114. 


T We'll continue where we left off with Miss RB. 
with 125 over 121. What can you tell me 
about the 55, Joan? 


S (11 goes into it 5 times. 


T 11 goes into 55 5 times, these 2 factors 
being, Joan? 


S 11 and 5. 


T 11 and 5. If 55 over 121 can be reduced, 
what can you conclude? 55 may be broken 
down into 5 times 11. Assuming that 55 
over 121 can be reduced, what can you con- 
clude? Susan? 


S Either 5 or i1 multiplied by the other 
(mumbled). 


T “Right. Either 5 or 11 must go into 121. 
Which of these do you see at a glance does 
not go? Kathy? 


5 15% 

T 5. How do you know 5 does not go into 121? 

S It doesn't end in 5 or QO. 

T That's right. It doesn't end in 5 or 0O. 
Hence, 121 is not divisible by 5. But 121 
is divisible by? 

S [24°C 

T 11. j%In fact, 121 may be broken down into? 

S 11 times 11. 

T 11 times 11. So we have 5 times 11 over i1 


times 11 and this reduces to? Eddy? 
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5720 


5/11. You cancel the 11 in the numerator 

and the 11 and you get 5/11. Here is another 
example. 91/156. Is there anyone who can 
see at a glance what the common factor 1s? 
You can? 


Ve 


7. Well let's try 7. How many times does 
7 gO into 91? 


13%. 


13 times, and how many times does 7 go into 
pen yy. 


It won't go. 

I won't go. Right. So it's not a common 
factor. Hence you can't reduce this by 
dividing numerator and denominator by 7. 

So I don't think you can see at a glance what 
the common factor is. So let's take a look 
at-elther' the one or the other. 91.. Is 91 
divisable by any of these factors: 2,3,5? 
Doug? 

No. 

Fine. Why is it not divisible by 2? 

It isn't even. 

Therefore? 

If the last number. 

If the last number isn't even? 

It isn't a multiple of 2. 

Therefore it's odd. That's what I wanted from 
you. If it isn't even, it's odd. So that 91 
is an odd number, and therefore, not divisible 
by 2. Why is 91 not divisible by 3? Jeff? 
Because it doesn't end in 1. 


Is that the reason why it's not divisible by 3? 


Orr 


hia | Bef jini i) 
joss TONG OR tr odd? [eons wo Phe tg ‘fz 
ona al aan «DENA tea. voy fas ff 6 es sg 
3 enoves @tedd 2 dar\te . siqms: 
ost ea ert tedw sonealy e ta see 
. faego soY 
ae ik ie 7 
4 ‘ ; 2 oN e 
‘eeoh sented ynem WOH .O uxd etdehIfew .y T 
Pie Tte otal og f . 


athe 
2 = 


*, * )* ' x ae a ‘ _ 


ott oy S 2esoh asmit yoem wot foe ,semt? Cl. FT : 
. gre ‘ 


.03 t' wow II 


qgommoo s tod a'ét o8 «teeth .on t!'aow I T s! 
shi eidt soufer ¢'ase0 voy sonpsH .tOxo6T Py us 
.S yd todaetmdweh bas todstemun gathivib _ 
jedw soosia 6 te see neo voy Anttttdtach I 02 oh 
Hool a edet a'tel o@ .at t0¢ds? mommbo ede - 


fe eI .f2 .tento edd to she soy rentie va 
c2,£,5 :e4sotost stredy Yo ys yd efdestivih 
fevod -. 


ow 

¢$ yd efdtetvih ton gi at yaw .solt T 
| ere age oe 

Sexotersnt T 

-redmun deel ede 3I 62 

Tneve t'aat redmucy teal ot boas Ty 

. «8 to slattivm edinat 2 a 


mort Hedvew I slo e'tenT - BBQ alge oxotevedT | e. 
fe tede - ea ‘dt ,neve d'met df 3T .woy 
eldtetvih jon 18% rant bos , 16d ar “ Bt : 
TTteL tt NG old! ivib Jou 28 t bss eare 
Ly ar = 7) 
i porate seusoead 2 
ve ill sail rhe 
Te yw eidted veds 3, 
oe fi i. Te : : 


% 


zw WO A wwM 


| 


ce 


Yes. 


How do we decide without actually trying 
the division? How do we decide on how it 
is divisible by 3? Danette? 


Because 91 equals 10 and 3 won't go into 10 
evenly. 


3 won't go into 10 evenly, quite right. 

The sum of the digits is 10 and a 3 does not 
divide evenly into the sum of the digits. 
Hence 3 does not divide evenly into the 
number. So lets leave the 91 for the time 
being and take a look at 156. What can you 
tell me about 156, immediately? Peggy? 
Evenly divisible by 13. 

Evenly divisible by? 

23° 

13, good. (mumbled). 

Not exactly. 

Well, tell me exactly what you see looking 
at 156. You are quite right. It is divi- 
sible by 13, but unless you have another 
brain wave I don't think you would start 
dividing by 13. Laurie? 


(mumbled) It is an even number, so it would 
be a multiple of 2. 


It will be a multiple of 2. Quite right. 
It can also be divided by 3. 


It can also be divided by 3. Quite right. 
Why ? 


(mumbled ) 


3 will go into 15 and the 6. 
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UNIT IDENTIFICATION KEY 


The following transcription is the key to the practice 


material on pages 109 to 111. 


SOL 

NoD SOL 
RES 
REA 
SOL 

RES 


REA 
Sou 
RES 
REA 
SOL 
RES 
REA 
SOL 


NOD SOL 
RES 
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4 
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We'll continue where we left off with Miss 
B. with 125 over 121./ What can you tell me 
about the 55, Joan?/ 

11 goes into it 5 times./ 


11 goes into 55 5 times,/ these 2 factors 
being, Joan? / 


11.and.5./ 

11 and 5./ If 55 over 121 can be reduced, 
what can you conclude? 55 may be broken 
down into 5 times 11. Assuming that 55 
over 121 can be reduced, what can you 
conclude? / Susan?/ 


Either 5 or 11 multiplied by the other 
(mumbled)./ 


Right.e,siuner.5 Or 11 must go into i2l./ 
Which of these do you see at a glance does 
not go?/ Kathy?/ 

5./ 

5./ How do you know 5 does not go into 121?/ 
It doesn't end in 5 or 0./ 

That 's right. It doesn't end in 5 or 0O. 
Hence, 121 is not divisible by 5./ But 121 
is divisible by?/ 

ef 

11./ In fact, 121 may be broken down into?/ 
11 times 11./ 


11 times 11./ So we have 5 times 11 over 11 
times 11 and this reduces to? / Eddy?/ 


5/11./ 
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T 5/11. You cancel the 11 in the numerator 


REA. and the 11 and you get 5/11./ Here is 

STR another example. 91/156./ Is there anyone 
who can see at a glance what the common 

Sov factor is? You can?/ 

RES sa oa 


REA T 7./ Well let's try 7. How many times does 
SoL 7 so inte Sr7/ 


KES S man A 


KEA T 13 times,/ and how many times does 7 go 
SOL into 156?/ 


RES S It won't go./ 
It won't go. Right. So it's not a common 


factor. Hence you can't reduce this by 
dividing numerator and denominator by 7. 


a ae Tr Te 


REA So I don't think you can see at a glance 
what the common factor is./ So let's take 
STR a look at either the one or the other. 91./ 
Is 91 divisable by any of these factors: 
SOL 2 S58 597% Doug? / 
NOD Sou 
RES S No./ 
REA 
- Sor T Fine./ Why is it not divisible by 2?/ 
L RES S It isn't even./ 
Le SOL T Therefore?/ 
RES 
S If the last number./ 
T If the last number isn't even?/ 
RES S It isn't a multiple of 2./ 
T Therefore it's odd. That's what I wanted 
from you If it isn't even, it's odd So 
REA that 91 is an odd number, and therefore, 
not divisible by 2./ Why is 91 not divisible 
; SoL by 3?/ Jeff?/ 
NOD SOL 


RES S Because it doesn't end in 1./ 
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Is that the reason why it's not divisible 


by 3?/ 


Yes./ 


How do we decide without actually trying 


the division? 


How do we decide on how it 


is divisible by 3?/ Anette?/ 


Because 91 equals 10 and 3 won't go into 10 


evenly./ 


3 won't go into 10 evenly, quite right. The 
sum of the digits is 10 and a 3 does not 
divide evenly into the sum of the digits. 
Hence 3 does not divide evenly into the 
number./ So let's leave the 91 for the time 
being and take a look at 156./ What can you 
tell me about 156, immediately? / Peggy?/ 


Evenly divisible by 13./ 


Evenly divisible by? / 


1577 


13, good./ (mumbled) 


Not exactly./ 


Well, tell me exactly what you see looking at 


156. 


You are quite right. 


It is divisible 


by 13, but unless you have another brain wave 
I don't think you would start dividing by 13./ 
Laurie?/ 

(mumbled) It is an even number, so it would 
be a multiple of 2./ 


| 


It will be a multiple of 2. 


Quite right./ 


It can also be divided by 3./ 


It can also be divided by 3. 


Why ?/ 


(mumbled) / 


Quite right./ 


3 will go into 15 and the 6. / 
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ILLUSTRATIONS OF THE CATEGORIES 


The following units illustrate each of the categories 
of the instruments. Since no unit of preverbalization was 


found, hypothetical examples are given. 


Units Illustrating the PREVERBALIZATION Category 


20! T Can someone give me a rational number of 
arithmetic which is equivalent to 2/3?/ 

RES S 4/6./ 

= sO.L T Can someone give me some others?/ 

Fee S ASxnend 

RES S Ais6yvebe/ 

SoL T How do you know these are all equivalent 
t012/37/ 

RES S Well, they just are./ 


Units Illustrating the SYMMETRY Category 


SOL T If I extended this and extended that, then 
this angle here would be equal to this one?/ 

RES S Yeah, and the same to the others./ 

REA T The same to the others./ Pardon? Go ahead./ 

NOD SOL 

RES S There's four triangles and these are equal 


because bisector, two bisectors for two pairs 
of equal triangles../ 


STR T So far, here again, you can't really prove 
that these two triangles are equal to that. 
As Bernie said, if this was an isosceles 
triangle or an equilateral triangle, which 
is a°very special case. Therefore these 
two angles would be equal because this would 
be a right bisector, a right bisector here. 


La - - : iy 7 ae 
eeinogetso ent to jose svendaullt oa gueworto 8 sb 


A Jing ~~ 
esw aoltesii«s ak p29, ding on ent eadcemutsent oF + to 
yak A 


habit $46 eelquaxe ae be | 


yrogets) MOLTAS LIAGAVERT ett gaitentawlII attay ©” 

to vedmuc {[secotter se 8m eytg enosmos mad T 
\Se\s o¢ tosisvinups eft dofftu olvonndtdine 

\.d\4. @ 

\faresdto ation em evin ssosmos asd. T 

os WSR. 8 

” MS\OL, 2 

T 


trefevinos [fs ers eeedt wood ioe 65 wo 
\SE\S of 


\.@%8 teut vend ,[few 2 


yyoasts) YSTSMMYS edt gotdsrtanllt s1008? | ; 


ged ,ted¢t beboetxe Sas aefds bebnedxe I.%1 T 
\geno aidd ot Laupe ed bluow er]ed efane eidd 


\.atedto edd o¢ emse edt bus ,dseY @& 
| teem 
\.bseme of nobiet \.ateddo ent o¢ omea edt. T 


feupe eis esaendt bas selgasiat cwot,.e'etedT: 2. 
evisq owt 101 avotoeatd ows ,1otoeetd eeusoed =. 
, \. ,aelgrsing Ifsups. to- 


evorg yilee1 ¢' aso voy oless Seed , 187 02. 7 

.tendgd og [aupe 978 sefgasitd owt seedt tedt- 
eefsosoal ne Baw aide tL ,btes sfared.2A, 

fo briw efgagiat Ieneteltupe: M8 to efgasint 
eaerlt stoteted go.f toege .y1ev_ eat, 


2 i ; 


ed Bluow selgos owt 
otoeetd tigate 8 od 


te ; 7 


4 


blyow efdd eat df Leupe 
ered rod ose! i tdait s 
~ 5 f 


rn | 


SOL 


RES 


SOL 
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REA 


sO Le 
NOD SOL 
RES 
REA 
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T A unit of area. 
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This is not necessarily «true... So, Ruth, 
just to be able to do this, this one over 
here, as I say, you can prove that. Simi- 
larily, that this angle is less than this 
one, in exactly the same manner./ 


This angle here?/ 


This angle over here, because now you can 

prove both parts. You've proven already, 

you've proven that this one is bigger than 
that remote interior./ . 


Units Illustrating the SOLUTION VISUALIZATION Category 


Alright. Now we have a unit 
of area then./ Just exactly can you define 
or suggest what shape or size this might be?/ 
A shape of a square./ 

A shape of a square./ 

Alright./ Now, what about the n? The unknown 
here is the n in this particular equation and 
what will it tell us when we find what n is?/ 


Bruce?/ 


Well, it tells us how many feet of ribbon 
each girl will get./ 


Alright, and this is what we're after./ 
If we left it as two remainder what would 
happen to these two feet of ribbon?/ 

They would just be wasted./ 


And this isn't good economy, is it?/ 


So when you end up, you put here, you want 
to have how many different piles of apples?/ 


Twelve./ 


You want to have twelve piles of apples. 
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That's right. So you know two things. 

You know your total and you know the total 
number of groups you want to end up with, 
and that's twelve./ 


Units Illustrating the ANALOGY Category 


SOL 


REA 


REA 
Sot 


REA 


REA 


STR 


T Can you tell me a little bit about what place 


value means as far as you are concerned?/ 


Well, like if you had a number like twenty- 
two, there wouldn't be two two, it would be 
twenty-two, because it's - the twenty is 

in the tens place./ 


So you are saying the, where the digit is 
placed, has some effect on the value of that 
particular number. That's good./ 


een eeeee 


Carry five of those? Right./ So you are 
keeping? Do you understand what Beth said?/ 
Look. Four and four in our numerals system, 
that's this many in terms of one thing - you 
know if each of these fours were representing 
a lollipop for example - you actually put 
them down here - one, two, three, four, and 
one, two,three, four./ 


° 


Five single pieces of paper left over./ Let's 
look back to the blackboard then. Five times 
three, Tony told us, was fifteen and Marshall 
told us we can make one bundle of ten and 
have five left over. If we put it up here, 
in the spot where the tens are we'll put a 
one up here because you know we made one 
bundle and he has five left over./ If we 

put these groups of ten together the, the 
Monday through Friday groups, how many groups 
of ten will we have then?/ Karen?/ 


Five./ 


Five groups of ten./ 
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Units Illustrating the EXPERIMENTATION Category 


Seven./ Well, let's try seven. How many 
times does seven go into ninety-one?/ 


Thirteen./ 


Thirteen times./ And how many times does 
seven go into one hundred-and-fifty-six?/ 


Two and three-quarters what?/ 
Segment./ 
No./ 


Squares. / 


Units Illustrating the GENERALIZATION Category 


T 
SOL 
RES S 
REA 
SOL 
SOL dt 
RES S 
REA T 
RES S 
REA ay 
SO 
RES S 
REA Ay 
SOL 
REA S 
STR dh 
OL: 
REA ? 
SOL 
NoD SOL 
RES S 
REA : 
SOL 
RES S 


Quite right.?/ How about the terminal digit, 
the last digit?/ 


It either ends in five or zero./ 


Good./ If a number ends in five or zero, 
what can you conclude?/ 


That it's divisible by five./ 


Take 115, 
five?/ 


for example./ Does that end in 


Klrtent.-)ss0 
is taken from 


the first term in our fraction 
where?/ Janet?/ 


From the remainder. 
Alright./ And the twelve is the?/ 


Divisor./ Was this the case when we dealt 
with the ribbon? Remember, we had a fraction 
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So. here which was two over three. Was three 
our divisor? And was two our remainder?/ 
REA Alright, so we have taken our remainder and 


made it the first term in our fraction./ 


Units Illustrating the INFORMAL PROOF Category 


SoL T Thirty-seven goes into seventy-four how many 
times?/ 

RES S Twice./ 

REA T Twice. Alright then, this fraction reduces 


NOD SOL to two-thirds./ Yes Sid?/ 
S Given the sum of the numbers, it doesn't 
REA always work because if you add nine and one 
te ten and ninety-one isn't divisible by two./ 
REA T Nine, one./ 


Units Illustrating the MANIPULATION Category 


SOL T Now what does that really mean? One - three 
is really one what?/ 


RES S One five./ 


T When you are doing any type of problem like 
this, what are the things that you should 
SOL consider before you really get down to 
writing that equation? Oh come now. What 
do you know about this problem?/ 


RES S Well, it's a dividing problem./ 

REA T Alright, that's one thing about it. You 
know that you've got 129 pounds of apples./ 

SOL What else do you know?/ 


S You know that there are twelve boys and you 
RES have to put them 129 into groups so each boy 
can get some apples./ 
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What do we know in this particular problem?/ 
Gerald?/ 


Twelve inches are one foot./ 
Alright. So we have got one figure which 


is twelve, twelve being the number of 
inches in a foot./ 


What else do we know already?/ Susan?/ 


Three feet in one yard./ 


What else do we know from this particular 
preblem?/ Gerald?/ 


Well, that there is forty-one inches./ 


Alright, we are dealing with a piece of 
rope which is forty-one inches in total./ 


Units Illustrating the SIMILARITY category 


REA 


STR 


SOL 


RES 
REA 


[ SoL 


T Yes, we really have to do both. / Now, let's 


think today of a numeral system which is 
based on another base other than base ten, 
just to see whether you can apply these 
principles of the numeral system to another 
base. The base that I have selected, be- 
cause I really think it is one of the easier 
ones, although it may not be for you, is one 
that is based on five rather than ten. Or 
let us think of one that has as its base 5./ 
Now, I am going to listen while you tell me 
what this really means to you in terms of a 
numeral system. Can you apply the principles 
we have just discussed to the numeral system 
having base five? What does this mean to 
you first of all, Dianne? / 


Well, it has five digits./ 
Alright./ 


Is that what we decided when we were talking 
about the base ten number system?/ 
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S Well, in the base ten number system you have 


RES to divide - multiply one by 10 and then - / 

REA T So the second column is ten times as big as 
the first in our base ten./ Now in the base 

SOL five the second column has to be how many 

Noo SOL times as big as the first?/ Kim?/ 

RES S Five./ 

REA DAs 

REA T Yes. There is no five as such, is there?/ 
Alright, now. What about the principle of 
multiplication? Would this still be in 

hese effect--and the principle of addition./ 


T Wanda, yesterday we had four unit segments 
STR in the one row in our rectangle. We said 
that wecCould have four to one or four unit 
segments in the one row./ Now this is equi- 
SOL valent to having how many segments in the 
three rows, if we had three rows of unit 
Segments? Yes?/ 


REA S I understand that./ 

REA T Measure, 0O.K./ Now when we turn to the angle 
STR we don't use one inch for a unit of measure./ 
S0L We use what?/ 

RES S A degree./ 

REA T A degree, One degree would give us a unit 


of measure./ 


REA T Size and shape./ Alright, now let's take 
the rectangle then and we want to develop 
STR a unit of measure for it. We have the 
interior and we have the (mumbled), and so 
Our measure is going to be a measure of the 
interior and the simple closed curve./ 
Can we find a 
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way in which we may divide our closed region 
into some kind of a unit in order to find 
its measure? A segment, we had units of 
lengths, in an angle we had units which 

were degrees in measure. Now in our rectan- 
gle, can we find some kind of unit in order 
to get a measure of a rectangle? Now I am 
talking about the area, of course./ Carlo?/ 


A unit of area./ 


A unit of area. Alright. Now we have a unit 
of area then./ 


e ° e e ° e 


Now using what you have done in the previous 
question, what can we do here in order to 
usé this extra end here and make it more 
meaningful to this particular problem?/ 
Janet./ 


Well, you take the five, which is the re- 
mainder and put it for the first term ina 
fraction and then you take the twelve, which 
is the divider, and make it the second term 
and you have a fraction of (mumbled) ./ 


Alright, this is part of a foot then./ 


Units Illustrating SKIPPING STEPS Category 


REA 
STR 
SOL 
NoO SOL 


RES 


REA 
SOL 


STR 
SOL 


i Ss re 


RES 


if 


Two-thirds, right./ Now here we concentrated 
on seventy-four. We could just as well have 
concentrated on the one hundred-and-eleven./ 
What can you tell me at a glance to be a 
factor of one hundred-and-eleven?/ Eddy?/ 


Three./ 
Quite right./ Why?/ 


Here is another example. Ninety-one over 
one hundred-and-fifty-six./ Is there anyone 
who can see at a glance what the common 
factor 1s? You can?/ 


Seven./ 
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Seven./ 


Now let's continue on to page 243. You 
don't need to copy the fractions into your 
notebook but you're to fill in the missing 
terms. In some cases you need the numerator 
and in some cases you need the denominator./ 
Seven over twelve equals, - what over one 
hundred-and-fifty-six?/ Jeff?/ 


_ Ninety-one./ 


Ninety-one over one hundred-and-fifty-six./ 
Jeff, how did you arrive at that ninety-one?/ 


Now if you were saying that, giving this 
answer then, how many hours did Don work?, 
will you say then that he worked eight hours 
which is our quotient and twenty-five cents 
left over? Will that be a sufficient answer 
for this problem? What do we have to do here, 
Harold?/ 


Well, I don't think it is very good. I think 
to get the proper answer, you would want 
eight and one-half hours./ 


How did you get that?/ 
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